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Abstract

This paper proposes and theoretically justifies bootstrap methods for regressions where some
of the regressors are factors estimated from a large panel of data. We derive our results under the
assumption that v/T/N — ¢, where 0 < ¢ < oo (N and T are the cross-sectional and the time series
dimensions, respectively), thus allowing for the possibility that factor estimation error enters the
limiting distribution of the OLS estimator as an asymptotic bias term (as was recently discussed
by Ludvigson and Ng (2011)). We consider general residual-based bootstrap methods and provide
a set of high-level conditions on the bootstrap residuals and on the idiosyncratic errors such that
the bootstrap distribution of a rotated OLS estimator is consistent. We subsequently verify these
conditions for a simple wild bootstrap residual-based procedure.

Keywords: factor model, bootstrap, asymptotic bias.

1 Introduction

Factor-augmented regressions where some of the regressors are estimated from a large set of data
are increasingly popular in empirical work. Inference in these models is complicated by the fact that
the regressors are estimated and thus measured with error. Recently, Bai and Ng (2006) derived the
asymptotic distribution of the OLS estimator in this case under a set of standard regularity conditions.
In particular, they show that the asymptotic distribution of the OLS estimator is unaffected by the
estimation of the factors when /T /N — 0, where N and T are the cross-sectional and the time series
dimensions, respectively. While their simulation study does not consider inference on the coeflicients
themselves (they look at the conditional mean and forecast), they report noticeable size distortions in

some situations.
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The main contribution of this paper is to propose and theoretically justify bootstrap methods
for inference in the context of the factor-augmented regression model. A few other contributions
consider the validity of the bootstrap in this context. Corradi and Swanson (2011) consider the
bootstrap for forecast stability tests with factors, while Yamamoto (2011) considers the bootstrap for
factor-augmented vector autoregressions (FAVAR) proposed by Boivin and Bernanke (2003). Finally,
Shintani and Guo (2011) prove the validity of the bootstrap to carry out inference on the persistence
of factors. Recent empirical applications of the bootstrap include Ludvigson and Ng (2007, 2009,2011)
and Gospodinov and Ng (2011), where the bootstrap has been used in the context of predictability
tests based on factor-augmented regressions without theoretical justification.

Our main contribution is to establish the first order asymptotic validity of the bootstrap for factor-
augmented regression models under assumptions similar to those of Bai and Ng (2006) but without the
condition that v/T' /N — 0. Specifically, we assume that VT /N — ¢, where 0 < ¢ < oo, thus allowing
for the possibility that factor estimation error affects the limiting distribution of the OLS estimator.
As it turns out, when ¢ > 0, an asymptotic bias term appears in the distribution, reflecting the
contribution of factors estimation uncertainty. This bias problem was recently discussed by Ludvigson
and Ng (2011), who proposed an analytical bias correction procedure. Instead, here we focus on the
bootstrap and provide a set of conditions under which it can reproduce the limiting distribution of
the OLS estimator, including the bias term.

The bootstrap method we propose is made up of two main steps. In a first step, we obtain a
bootstrap panel data set from which we estimate the bootstrap factors by principal components.
The bootstrap panel observations are generated by adding the estimated common components from
the original panel and bootstrap idiosyncratic residuals. In a second step, we generate a bootstrap
version of the response variable by again relying on a residual-based bootstrap where the bootstrap
observations of the dependent variable are obtained by summing the estimated regression mean and
a bootstrap regression residual. We provide a set of high level conditions on these bootstrap residuals
and idiosyncratic errors that allow us to characterize the limiting distribution of the bootstrap OLS
estimator under the assumption that /T /N — ¢, where 0 < ¢ < oo. These high level conditions
essentially require that the bootstrap idiosyncratic errors be weakly dependent across individuals and
over time and that the bootstrap regression scores satisfy a central limit theorem. We then verify these
high level conditions for a residual-based wild bootstrap scheme under a stronger set of conditions.

A crucial result in proving the first order asymptotic validity of the bootstrap is the consistency of
the bootstrap principal component estimator. Given our residual-based bootstrap, the “latent” factors
underlying the bootstrap data generating process (DGP) are given by the estimated factors. These
are not identified by the bootstrap principal component estimator due to the well-known identification
problem of factor models. However, contrary to the rotation indeterminacy problem that affects the
principal component estimator, this indeterminacy is easily resolved in the bootstrap world, where the

bootstrap rotation matrix depends on bootstrap population values that are functions of the original



data. As a consequence, to bootstrap the distribution of OLS estimator, our proposal is to rotate the
bootstrap OLS estimator using the feasible bootstrap rotation matrix. This amounts to sign-adjusting
the bootstrap OLS regression estimates asymptotically.

The rest of the paper is organized as follows. In Section 2, we first describe the setup and the
assumptions, and then derive the asymptotic theory of the OLS estimator when /T’ /N — c. In Section
3, we introduce the residual-based bootstrap method and characterize a set of conditions under which
the bootstrap distribution consistency follows. Section 4 proposes a wild bootstrap implementation of
the residual-based bootstrap and proves its consistency. Section 5 discusses the Monte Carlo results
and Section 6 concludes. Three mathematical appendices are included. Appendix A contains the
proofs of the results in Section 2, Appendix B the proofs of the results in Section 3, and Appendix C

the proofs of the results in Section 4.

2 Asymptotic theory when vT /N — ¢, where 0 < ¢ < 0

We consider the following regression model
yt+h:a/Ft+/BIWt+€t+h, t:].,...,T—h, (1)

where h > 0. The ¢ observed regressors are contained in W;. The r unobserved regressors F} are the

common factors in the following panel factor model,
Xit:)\gFt“‘eita ’i:1,...,N,t:1,...,T, (2)

where the r x 1 vector A; contains the factor loadings and e;; is an idiosyncratic error term. In matrix

form, we can write (2) as
X =FA +e,

where X is a T x N matrix of stationary data, F' = (F},..., Fr) is T x r, r is the number of common
factors, A = (A1,...,Ax) is N x 7, and e is T x N.

The factor-augmented regression model described in (1) and (2) has recently attracted a lot of
attention in econometrics. One of the first papers to discuss this model in the forecasting context
was Stock and Watson (2002). Recent empirical applications include Ludvigson and Ng (2007) who
consider predictive regressions of excess stock returns and augment the usual set of predictors by
including estimated factors from a large panel of macro and financial variables, Ludvigson and Ng
(2009,2011) who consider this approach in the context of predictive regressions of bond excess returns,
Gospodinov and Ng (2011) who study predictive regressions for inflation using principal components
from a panel of commodity convenience yields, and Eichengreen, Mody, Nedeljkovic, and Sarno (2012)
who use common factors extracted from credit default swap (CDS) spreads during the recent financial
crisis to look at spillovers across banks.

Estimation proceeds in two steps. Given X, we estimate F' and A with the method of principal



components. In particular, F is estimated with the T' x r matrix F = ( F ... Fr )/ composed
of VT times the eigenvectors corresponding to the r largest eigenvalues of of X X’ /TN (arranged in
decreasing order), where the normalization y = [, is used. The matrix containing the estimated
loadings is then A = (5\1, .. .,5\N>I = X'F (F’F)il = X'FT.

In the second step, we run an OLS regression of 415 on 2 = ( Ft’ wi )/, i.e. we compute

. T—h “Lr_p
0= ( ° > = <Z ??tf?{s) Z ZtYt+hs (3)
t=1 t=1
Wheregispx 1 withp=r+gq.

As is well known in this literature, the principal components F, can only consistently estimate a
transformation of the true factors Fy, given by H F;, where H is a rotation matrix defined as
_ F'F A’A7 @
T N
where V is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
XX'/NT, in decreasing order, see Bai (2003).

H

One important implication is that & consistently estimates § = (o/HT p ), ,andnot ( o/ )/.

In particular, given (1), adding and subtracting appropriately yields
_(wn g I 'H™' (HF, - F,
yt+h—(a B ) W, + o t— I't) + €ty
N———
=5 -
=Zt
or, equivalently,
Yern = 20 + o’ H™! (HFt _ Ft) Y, (5)

where the second term represents the contribution from estimating the factors.

Recently, Bai and Ng (2006) derived the asymptotic distribution of /T (3 — 5) under a set of
regularity conditions and the assumption that v/T'/N — 0. Our goal in this section is to derive the
limiting distribution of § under the assumption that v/7T' /N — ¢, where c is not necessarily zero. We
use the following assumptions, which are similar to Bai’s (2003) assumptions and slightly weaker than

the Bai and Ng (2006) assumptions. We let z; = ( F W/ )’, where z; is p X 1, with p = r + q.
Assumption 1 - Factors and factor loadings
(a) E ||Ft||4 < M and % Zle FyF] =¥ ¥ > 0, where ¥ is a non-random r x 7 matrix.

(b) The loadings \; are either deterministic such that ||A;|| < M, or stochastic such that E || X;]|* < M.

In either case, A’/A/N — ¥, > 0, where X, is a non-random matrix.
(c) The eigenvalues of the r x r matrix (XX ) are distinct.

Assumption 2 - Time and cross section dependence and heteroskedasticity



(a) E(ey) =0, Eley|* < M.

(b) E(eitejs) = Tijts, |0ijs| < 75 for all (¢,s) and |05 < T4 for all (¢, 5) such that% Z;{szl gij <

M, 330y 7is <M, and §7 3, i |oijes| < M.
4
(c) For every (t,s), E ‘N*1/2 Zf\;l (eireis — F (eneis))| < M.

Assumption 3 - Moments and weak dependence among {z}, {\;} and {e;}.

2
(a) E <]1/ Z’]\Ll Hﬁ Zthl Fiejy ) < M, where E (Fie;) = 0 for all (3,1).
2
(b) For each t, E Hﬁ SIS 2 (eireis — E (eiteis))H < M, where z, = ( F, W] )/.

2
(c) E Hﬁ S ztegAH < M, where E (zje;r) = 0 for all (4,t).

@ £ (4 S0 | S e

2

> < M, where E (\e;r) = 0 for all (,¢).

(€) As N, T — 00, 7~ SToYN, Zjvzl AiXjegejr — T =T 0, where T' = limy 700 % ST Ty >0,
and I'y = Var (Tlﬁ Zfil )\ieit) .

Assumption 4 - weak dependence between idiosyncratic errors and regression errors

2
(a) For each t and h >0, E ‘ﬁ Zst_lh Zf\il esth (€ireis — E (eneis))| < M.

(b) B[ Am Si sy, )\ieitstJth2 < M, where E (Aeneran) = 0 for all (i,¢) .
Assumption 5 - moments and CLT for the score vector

(a) E (er4n) =0 and E |egp|* < M.

(b) E|z|* <M and £, 2z =T %.. > 0.

2
(c) AsT — oo, ﬁ Zf;lh zigeen —% N (0,9), where E Hﬁ Zg:lh zt5t+hH < M, and
Q =limp_, Var (ﬁ Zz:lh Zté‘H_h) > 0.

Assumption 1(a) imposes the assumption that factors are non-degenerate. Assumption 1(b) ensures
that each factor contributes non-trivially to the variance of X4, i.e. the factors are pervasive and affect
all cross sectional units. These assumptions ensure that there are r identifiable factors in the model.
Recently, Onatski (2011) considers a class of “weak” factor models, where the factor loadings are
modeled as local to zero. Under this assumption, the estimated factors are no longer consistent for
the unobserved (rotated) factors. In this paper, we do not consider this possibility. Assumption 1(c)
ensures that Q = plim (F’ F/T) is unique. Without this assumption, @ is only determined up to

orthogonal transformations. See Bai (2003, proof of his Proposition 1).



Assumption 2 imposes weak cross-sectional and serial dependence conditions on the idiosyncratic
error term e;. In particular, we allow for the possibility that e;; is dependent across individual units
and over time, but we require that the degree of dependence decreases as the time and the cross
sectional distance (regardless of how it is defined) between observations increases. This assumption is
compatible with the approximate factor model of Chamberlain and Rothschild (1983) and Connor and
Korajczyk (1986, 1993), in which cross-sectional units are weakly correlated. Assumption 2 allows for
heteroskedasticity in both dimensions and requires the idiosyncratic error term to have finite eighth
moments.

Assumption 3 restricts the degree of dependence among the vector of regressors {z;}, the factor
loadings {\;} and the idiosyncratic error terms {e;}. If we assume that {z:}, {\;} and {e;} are
mutually independent (as in Bai and Ng (2006)), then Assumptions 3(a), 3(c) with z; = F} and 3(d)
are implied by Assumptions 1 and 2. Similarly, Assumption 3(b) holds if we assume that {z;} and

{e;+} are independent and the following weak dependence condition on {e;} holds. For each ¢,

N T
1

T2N Z Z |Cov (eireis, eieiq)| < M. 6)

i=1 s,q=1

For a similar assumption, see Bai (2009, Assumption C.4). This assumption holds if e;; is i.i.d. over
i and ¢ and F (e},) < M. Assumptions 3(a)-3(c) are equivalent to Assumptions D, F1 and F2 of Bai
(2003) when z; = F;.

To describe Assumption 3(e), for each ¢, let

|
by = —— Z Nieit, and Ty = Var (¢,) = E (qﬁtqﬁ;) ,

\/N i=1

since we assume that E (\;e;;) = 0 for all (i, ¢). Assumption 3(e) requires that 7 ST (6,0, — E (¢,9)]
converges in probability to zero. This follows under weak dependence conditions on {\;e; } over (i,t).

Assumption 4 imposes weak dependence between the idiosyncratic errors and the regression errors.
Part (a) holds if {e;+} is independent of {¢;} and the weak dependence condition (6) holds. Similarly,
part (b) holds if {\;},{eis} and {e¢} are three mutually independent groups of random variables and
Assumption 2 holds.

Assumption 5 imposes moment conditions on {ey 1}, on {2} and on the score vector {zis44}-
Part b) requires {z;2;} to satisfy a law of large numbers. Part c) requires the score to satisfy a
central limit theorem, where 2 denotes the limiting variance of the scaled average of the scores. The
dependence structure of the scores {zie.4p} dictates the form of the covariance matrix estimator to be
used for inference on §. For instance, Bai and Ng (2006) assume that = lim 1 ZtT;lh E (z2(e}.),)
and the appropriate covariance matrix estimator is a heteroskedasticity robust variance estimator. As
we will see later, the form of Q will also dictate the type of bootstrap we should use.

Given Assumptions 1-5, we can state our main result as follows. We introduce the following



notation:
. - . [ F'F -
Hy = plimH =V""QX), Q =plim - | V=plimV, and
q)() = diag (Ho,Iq) .
Additionally, we let Sy p = E (W, F}).
Theorem 2.1 Let Assumptions 1-5 hold. If VT /N — ¢, with 0 < ¢ < oo, then
VT (Es . 5) LN (—elg, S5)

where S5 = (2) " 10810y, and

Ay \ -1 SpHVSpVE NIV
Ay = < A > = (QOZZZ<I>O) < Zwﬁ’vzﬁvil (HO ) o, with
Sp o= vire)v,

. (W'F
EWZ:“ = phm ( T ) = EWFH(,).
If Xwr =0, the asymptotic bias is equal to

LAy = e ( S5+ VEVT (Hy ') o ) ‘
0

Theorem 2.1 gives the asymptotic distribution of v/T' (5 — 6) under the condition that /7' /N — ¢,
where 0 < ¢ < co. When ¢ = 0, we obtain the same limiting distribution as in Bai and Ng (2006)
under a set of assumptions that is weaker than theirs, as we discussed above. As in Bai and Ng (2006),
factors estimation error does not contribute to the asymptotic distribution when ¢ = 0. This is no
longer the case when ¢ > 0. Under this alternative condition, an asymptotic bias appears, as was
recently discussed by Ludvigson and Ng (2011) in the context of a simpler regression model without
observed regressors W;. Our Theorem 2.1 complements their results by providing an expression for
the bias of § when the factor-augmented regression model includes also observed regressors in addition
to the unobserved factors Fj.

Several remarks follow. First, the expression for Ay is proportional to (HO_ 1)/ a = plim &, implying
that when o = 0, no asymptotic bias exists independently of the value of c. Second, the asymptotic

bias for both & and B is a function of

,I'—o00

T
1
—1/—1 -1 : —1 -1
Ep =V QFQ’V = th T t_E - % QFtQ/V 5

where V1QI';Q'V~! is the asymptotic variance of v N (ﬁ't - HFt) (see Bai (2003)). Thus, the bias
depends on the sampling variance-covariance matrix of the estimation error incurred by the principal
components estimator F, averaged over time. This variance matrix depends on the cross sectional

dependence of {e;;} via I'y = Var (ﬁ Zf\i 1 )\iei). As we will see next, the main implication for the

7



validity of the bootstrap is that it needs to reproduce this cross sectional dependence when ¢ # 0
but not otherwise. Third, the existence of measurement error in F; contaminates the estimators of
the remaining parameters g, i.e. B is asymptotically biased due to the measurement error in F,. The
asymptotic bias associated with 3 will be zero only in the special case when the observed regressors

and the factors are not correlated (i.e. Xy r = 0) (or when o = 0).

3 A general residual-based bootstrap

The main contribution of this section is to propose a general residual-based bootstrap method and
discuss its consistency for factor-augmented regression models under a set of sufficient high-level condi-
tions on the bootstrap residuals. These high level conditions can be verified for any bootstrap scheme
that resamples residuals. We verify these conditions for a two-step wild bootstrap scheme in Section
4.

3.1 Bootstrap data generating process and estimation

Let {e;k = (e}, - -- ,e*Nt)'} denote a bootstrap sample from {ét = X; — ]\Ft} and {EIJrh} a bootstrap
sample from {ét+h = Ypth — &F, — B/Wt}. We consider the following bootstrap DGP:

vin = &F+BWiter,, t=1,...,T—h, (7)
X; = AF+ef, t=1,...,T. (8)

Estimation proceeds in two stages. First, we estimate the factors by the method of principal
components using the bootstrap panel data set {X;}. Second, we run a regression of y; , on the
bootstrap estimated factors and on the fixed observed regressors W;.

Because the bootstrap scheme used to generate y; , is residual-based, we fix the observed regressors
W; in the bootstrap regression. We replace F; with Ft* to mimic the fact that in the original regression
model the factors F, are latent and need to be estimated with F;. This yields the bootstrap OLS
estimator

A | T=h -1 | T=h
§ = (T 5%?) T Z 2 Yiyhe 9)
t=1 t=1

5" is the bootstrap analogue of &, the OLS estimator based on the original sample.

3.2 Bootstrap high level conditions

In this section, we provide a set of high level conditions on {e};} and {5;" +h} that will allow us to
characterize the bootstrap distribution of 5.

A word on notation. As usual in the bootstrap literature, we use P* to denote the bootstrap
probability measure, conditional on the original sample (defined on a given probability space (2, F, P)).

Because the sample depends on N and T, as well as on the given sample realization w, P* is a random



measure that depends on N, T" and w and we should write Py . However, for simplicity, we omit the
indices on P*. Similarly, we omit the indices NT when referring to the bootstrap samples {e;‘t, £} +h}'
For any bootstrap statistic T, we write T%, = op+ (1), in probability, or TX —P7 0, in probability,
when for any 6 > 0, P* (|TR,| > 0) = op(1). We write TX, = Op~ (1), in probability, when for
all 0 > 0 there exists Ms < oo such that limy 7_.c P [P* (|Txp| > Ms) > 6] = 0. Finally, we write
TNt — D, in probability, if conditional on a sample with probability that converges to one, T
weakly converges to the distribution D under P*, i.e. E* (f (T%7)) =T E(f (D)) for all bounded and

uniformly continuous functions f.

Condition A* (weak time series and cross section dependence in ¢},)
(a) E*(efy) =0 for all (i,t).

(b) &7 X0y al? = Op (1), where %, = B* (£ XY, efet, )

(©) = SIS B | K S (et — B (eiel)| =00 (1),
Condition B* (weak dependence among %, \;, and ey )

(a) % Zthl Zstl E,Flyt, = O0p(1).

2 ~
() 3 S0 B || iy SIS 2 (e, — B (eer))|| = O (1), where 2, = (B, W )",

(c) B L or(1).

1 T N 57
VTN D=1 Dim1 AN

) Ly7, B S 0p(1).

1 N I x
VN i1 A€y

() + 0, (V2

Condition C* (weak dependence between ¢}, and ¢} )

) <€\f/;iv\) —I'* = op« (1), in probability, where I'* = % ?:1 Var* <ﬁ/~\/ef> > 0.

2
(@) 7 E \/%Tv Dis=1 iz Eapn (€ieis — E (%%))‘ =Op(1).

~ 2
(b) B || ke DI SN Nicitin]| = Op (1), where B (efef.,) = 0 for all (i)

(c) % tT:_lh Zle Fsa;;h’y:t = Op~ (1), in probability.

Condition D* (bootstrap CLT)
* * - * * 2
(a) B (5fp) = 0 and 735" B [efy]” = Or (1)

(b) Q*_l/zﬁ Zf:_lh iy —4" N (0,1,), in probability, where E*
O =Var* (ﬁ ZZ;}L 2t€:+h) > 0.

T—h 5« |?
=1 Zt5t+hH =Op(1),and

1
T7



Conditions A*-D* are the bootstrap analogue of Assumptions 1 through 5. However, contrary
to Assumptions 1-5, which pertain to the data generating process and cannot be verified in practice,
Conditions A*-D* can be verified for any particular bootstrap algorithm used to generate the bootstrap
residuals and idiosyncratic error terms. More importantly, we can devise bootstrap schemes to verify
these conditions and hence ensure bootstrap validity. For instance, part (a) of Condition A* requires
the bootstrap mean of e, to be zero for all (7, t) whereas part (a) of Condition D* requires that the same
is true for ;. The practical implication is that we should make sure to construct bootstrap residuals
with mean zero, e.g. to recenter residuals before applying a nonparametric bootstrap method. Parts
b) and c) of Condition A* impose weak dependence conditions on {e},} over (7,t). For instance, these
conditions are satisfied if we resample {e};} in an i.i.d. fashion over the two indices (7,¢). Condition
B* imposes further restrictions on the dependence among z, X and the idiosyncratic errors e};. Since
% and )\; are fixed in the bootstrap world, Condition B* is implied by appropriately restricting the
dependence of e}, over (i,t). Similarly, Condition C* restricts the amount of dependence between
{er,}and {e},,}. If these two sets of bootstrap innovations are independent of one another, then
weak dependence on {e,} suffices for Condition C* to hold. Finally, Condition D* requires the

bootstrap regression scores zi;, , to obey a central limit theorem in the bootstrap world.

3.3 Bootstrap results

Under Conditions A*-D*, we can show the consistency of the bootstrap principal component estimator
F* for a rotated version of the true “latent” bootstrap factors F, a crucial result in proving the first
order asymptotic validity of the bootstrap in this context.

More specifically, according to (7)-(8), the common factors underlying the bootstrap panel data
{X;} are given by F; (with A as factor loadings). Nevertheless, just as F} estimates a rotation of F},
the estimated bootstrap factors ﬁ’t* estimate H*F}, where H* is the bootstrap analogue of the rotation
matrix H defined in (4), i.e.

o FURRA

T N’
where V* is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
X*X*/NT, in decreasing order.

(10)

Lemma 3.1 Let Assumptions 1-5 hold and suppose we generate bootstrap data {yZ]rh, Xf} according
to the residual-based bootstrap DGP (7) and (8) by relying on bootstrap residuals {e},,} and {e}} such
that Conditions A*-D* are satisfied. Then, as N,T — o0,

T 2 )
LS - A 0 653,
t=1

in probability, where § yp = min <\/N, \/T) .

10



According to Lemma 3.1, the time average of the squared deviations between the estimated boot-
strap factors Ft* and a rotation of the “latent” bootstrap factors given by H*F} vanishes in probability
under the bootstrap measure P* as N,T — oo, conditional on a sample which lies in a set with
probability P converging to one. Contrary to H, H* does not depend on population values and can
be computed for any bootstrap sample, given the original sample. Hence, rotation indeterminacy is
not a problem in the bootstrap world. Because the bootstrap factor DGP (8) satisfies the constraints
that F'F /T = I, and A’A is a diagonal matrix, we can actually show that H* is asymptotically (as
N,T — o0) equal to Hj = diag (£1), a diagonal matrix with diagonal elements equal to &1, where the
sign of is determined by the sign of F*'F' /T (see Lemma B.1; the proof follows by arguments similar
to those used in Bai and Ng (2011) and Stock and Watson (2002)). Thus, the bootstrap factors are
identified up to a change of sign.

The main implication from Lemma 3.1 is that the bootstrap OLS estimator that one obtains from
)l = &*'~15, where
O* = diag (H*,1;). Asymptotically, 6 is equal to @3/715, where ®* = diag (H{,1,), which can be
interpreted as a sign-adjusted version of 5.

Our next result characterizes the asymptotic bootstrap distribution of VT (3* — 5*) when /T /N —
¢, with 0 < ¢ < co. We add the two following conditions.

regressing y;, , on z; estimates a rotated version of 5, given by 0* = ( &' H*1 B/

Condition E*. plim Q* = $,Q®j,.

Condition F*. plimI™ = QI'Q’.

Q" is the bootstrap variance of the scaled average of the bootstrap regression scores Z;f ;, (as
defined in Condition D*(b)). Since F; estimates a rotated version of the latent factors given by
HyF;, % estimates a rotated version of z; given by ®gz;, and therefore {2* is the sample analog of
PoQ®P( provided we choose ¢ ', to mimic the time series dependence of ;1. Condition E* imposes
formally this condition. Similarly, by Condition B*(e), I'* = % thl Var* (ﬁ ZZ]\L 1 5\@62}). Because
Ai estimates Q\;, I'* is the sample analogue of QI'Q’ if we choose €}, to mimic the cross sectional
dependence of e;; (interestingly enough, mimicking the time series dependence of e;; is not relevant).

Condition F* formalizes this requirement.

Theorem 3.1 Let Assumptions 1-5 hold and consider any residual-based bootstrap scheme for which
Conditions A*-D* are verified. Suppose VT/N — ¢, where 0 < ¢ < oo. If in addition the two
following conditions hold: (1) Condition E* is verified, and (2) ¢ = 0 or Condition F'* is verified; then

as N, T — oo,
VT (57 = 8%) =7 N (e (@) A, (0) 7 S5p )
in probability, where 6* = (@871),3, with ®f = plim ®* = diag (Hg,1,) a diagonal matriz with £1 in

the main diagonal, and As and X5 are as defined in Theorem 2.1.

11



According to Theorem 3.1, /T (3* — (5*) is asymptotically distributed as a normal random vector
with mean equal to —c¢ (@8’)_1 As. Just as the asymptotic bias of /T (64 — (Ho_l)/ oz) is proportional to
(Hg 1)/ a, the bootstrap asymptotic bias is proportional to (H o *1), &. Since & converges in probability
to (Ho_l), o, the bootstrap bias of &* converges to —c (Ha‘/)f1 A, provided we ensure that Condition
F* is satisfied. It is interesting that the bootstrap bias of B* is unaffected by the rotation problem.

Since the bootstrap analogue of X, = is plim W}F*, which converges to Xy, 7 Hj’, the rotation matrix

Hy' “cancels out” with (Hg_l)/& (Lemma B.4 formalizes this argument). Similarly, the asymptotic
variance-covariance matrix of & is equal to (@ ) Y@ provided we choose €/,p, SO as to verify
Condition E*.

For bootstrap consistency, we need the bootstrap bias and variance to match the bias and variance
of the limiting distribution of the original OLS estimator. Since H{ (hence ®{) is not necessarily
equal to the identity matrix, Theorem 3.1 shows that this is not the case. Hence, the bootstrap
distribution of VT <5* - 5*) is not a consistent estimator of the sampling distribution of v/T (3 - 5)
in general. This is true even if we choose €}, and e, such that Conditions E* and F'* are satisfied. The
reason is that the bootstrap factors are not identified. In particular, because the bootstrap principal
components estimator does not necessarily identify the sign of the bootstrap factors, the mean of each
element of vT' (3* — 5*) corresponding to the coefficients associated with the latent factors may have
the “wrong” sign even asymptotically. The same “sign” problem will affect the off-diagonal elements
of the bootstrap covariance matrix asymptotically (although not the main diagonal elements). As we
mentioned above, the coefficients associated with W; are correctly identified in the bootstrap world as
well as in the original sample and therefore this sign problem does not affect these coefficients.

In order to obtain a consistent estimator of the distribution of v/T (5 — 6), our proposal is to

consider the bootstrap distribution of the rotated version of /T (3* — 5*) given by v/T <<I>*’ 5 — 5)
This rotation is feasible because ®* does not depend on any population quantities and can be computed
for any bootstrap and original samples. Since ®* is asymptotically equal to ®§ = diag (£1,1;) =
diag (sign (F*’ F) ,Iq>, d*5" is asymptotically equal to a sign-adjusted version of 5". The following

result is an immediate corollary to Theorems 2.1 and 3.1.

Corollary 3.1 Under the conditions of Theorem 3.1, if \/T/N — ¢, where 0 < ¢ < o0, as N, T — o0,
P (VT (075" ~5) <a) - P (VT (5-9) <2)| "0

then sup,cre

Corollary 3.1 justifies the use of a residual-based bootstrap method for constructing bootstrap
percentile confidence intervals for the elements of . When ¢ = 0, the crucial condition for bootstrap
validity is Condition E*, which requires {€} to be chosen so as to mimic the dependence structure
of the scores zi&44p. This condition ensures that the bootstrap variance-covariance matrix of ®* 5"
is correct asymptotically. When ¢ > 0, Condition F* is also crucial to ensure that the bootstrap
distribution correctly captures the bias. When both Conditions E* and F* are satisfied, the bootstrap

contains a built-in bias correction term that is absent in the Bai and Ng (2006) asymptotic normal
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distribution, and we might expect it to outperform the normal approximation. A bootstrap method
that does not involve factor estimation in the bootstrap world will not contain this bias correction and

will not be valid in this context.

4 Wild bootstrap

In this section we illustrate the use of the high-level conditions above and propose a particular bootstrap

method for generating {&},, } and {e};} when h = 1.
Bootstrap algorithm
1. Fort=1,...,T, let
X =AF, + ¢},
where {ef = (e},,...,€x;)} is such that
€it = €itTit>

is a resampled version of {éit = Xt — 5\;}7}} obtained with the wild bootstrap. The external

random variables 7;; are i.i.d. across (i,¢) and have mean zero and variance one.
2. Estimate the bootstrap factors F* and the bootstrap loadings A* using X*.
3. Fort=1,...,T —1, let
Vi1 = &'Fy + B/Wt + €t 415
where the error term €7, ; is a wild bootstrap resampled version of &;,1, i.e.
€111 = Et41Ve41,
where the external random variable vy is i.i.d. (0,1) and is independent of 7.

4. Regress y;,; generated in 3. on the estimated bootstrap factors and the fixed regressors z; =
~ !/
(Ft*' W/ ) . This yields the bootstrap OLS estimators

T-1 1y,

S s% sx/ Sk, ok

6 = E 2t 2t E ZtYt+1-
t=1

t=1

To prove the validity of this residual-based wild bootstrap, we add the following assumptions’.

Assumption 6. \; are either deterministic such that ||[A\;|| < M < oo, or stochastic such that
E|N|? < M < oo for all i; E||F||" < M < oo; Eley|'”* < M < oo, for all (i,t); and
for some ¢ > 1, F |5t+1|4q < M < oo, for all ¢.

'Under Assumptions 6-8, some of Assumptions 1-5 simplify. In particular, we can show that Assumption 2(c) and
Assumptions 3(a)-(d) and 4 are implied by Assumptions 1,2, 6-8 if we impose in addition the mutual independence
among {F},{\:} and {e;s} and require condition (6).
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Assumption 7. E (e4y1|ye, Ft, yi—1, Fi—1,...) = 0, and F} and ; are independent of the idiosyncratic

errors e;s for all (i, s,t).
Assumption 8. E (eiejs) = 0if i # j.

Assumption 6 strengthens the moment conditions assumed in Assumption 1.b), 2.a), and 5.a),
respectively. The moment conditions on \;, F} and e;; suffice to show that E ‘)\;Fseitrl < M (while
maintaining that F |ey|® < M). If we assume that the three groups of random variables {F,}, {e;}
and {)\;} are mutually independent (as in Bai and Ng (2006)), then it suffices that E | \]|* < M < oo,
E|F|* < M < oo (and E|eg|® < M).

Assumption 7 imposes a martingale difference condition on the regression errors e441, implying
that these are serially uncorrelated but possibly heteroskedastic. In addition, &; is independent of e;4

for all (4,t,s). Under Assumption 7,

1 T-1 1 T-1
Q =limVar ( Z zt5t+1> = lim — Z E (ztzéefﬂ) ,
vT t=1 T t=1

which motivates using a wild bootstrap to generate €f, ;. For this bootstrap scheme,
=
QF = T Z 5t~":’z/eé?+1a
t=1
is consistent for ®oQ®( under Assumptions 1-7. For h > 1, g4 will be serially correlated, and some
block bootstrap based method is required in this case. Corradi and Swanson (2011) have established
the validity of the m out of n bootstrap when €;15 is not a martingale difference sequence when
¢ = 0. We assume independence between e;; and €;11 and generate €}, ; independently of €};, but we
conjecture that our results will be valid under weak forms of correlation between the two sets of errors
because the limiting distribution of the OLS estimator remains unchanged under Assumptions 1-5,
which allow for dependence between e;; and €41, as we proved in Theorem 2.1.
Assumption 8 assumes cross section independence in {e;;}, but allows for serial correlation and
heteroskedasticity in both directions. This assumption motivates the use of a wild bootstrap to

generate {e},}. For this bootstrap scheme, we can show that

11 Kl o 1 &
F*ZTZNZ)‘i)‘ié?tETZF“
t=1 =1 t=1

where Ty corresponds to estimator (5a) in Bai and Ng (2006, p. 1140). As shown by Bai and Ng, this
estimator is consistent for QI'Q’ under cross section independence (but potential heteroskedasticity).
Assumption 8 assumes this is the case and thus justifies Condition F* in this context. As we discussed
in the previous section, Condition F* is not needed if ¢ = 0. Thus, a wild bootstrap is still asymp-
totically valid if the idiosyncratic errors are cross sectionally (and serially) dependent when /T /N

converges to zero (as assumed in Bai and Ng (2006)).
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Our main result is as follows.

Theorem 4.1 Suppose that a residual-based wild bootstrap is used to generate {e},} and {e},} with
E* 0|t < C for all (i,t) and E*|vi41|™ < C for all t, for some q > 1. Under Assumptions 1-7, if
\/T/N — ¢, where 0 < ¢ < 00, and either Assumption 8 holds or ¢ = 0, the conclusions of Corollary
3.1 follow.

5 Monte Carlo results

In this section, we report results from a simulation experiment that documents the properties of our
bootstrap procedure in factor-augmented regressions.
The data-generating process (DGP) is similar to the one used in Ludvigson and Ng (2011) to

analyze bias. We consider the single factor model:

Yir1 = oFy + 41, (11)

where F} is drawn from a standard normal distribution independently over time. The regression error
ery1 will either be standard normal or heteroskedastic over time as specified below. The (T x N)

matrix of panel variables is generated as:
Xit = \iFt + e, (12)

where ); is drawn from a U [0, 1] distribution (independent across i) and the properties of e;; will be
discussed below. The only difference with Ludvigson and Ng (2011) is that they draw the loadings
from a standard normal distribution. The use of a uniform distribution increases the cross-correlations
and leads to larger biases without having to set the idiosyncratic variance to large values (they set
it to 16 in one experiment). Note that this DGP satisfies the conditions PC1 in Bai and Ng (2011)
which implies that Hy = £1.

We consider six different scenarios outlined in the table below. We consider two values for the
coefficient, either & = 0 or 1. When a = 0, the OLS estimator is unbiased, and the properties of the
idiosyncratic components do not matter asymptotically. This leads us to consider only one scenario
with a = 0. The other five scenarios have a = 1 but differ according to the properties of the regression

error, €4, and of the idiosyncratic error, e;.

DGP o €yl €it
1 (homo-homo) 0 N(0,1) N (0,1)
2 (homo-homo) 1 N (0,1) N (0,1)
3 (hetero-homo) 1 N (0, %E N (0,1)
4 (hetero-hetero) 1 N (0, %tz N (0,0%)
5 (hetero-AR) 1 N (0,%) AR+ N (0,02)
6 (hetero-CS) 1 N (0,%£) €S+ N(0,1)
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DGP 1 is the simplest case with « = 0 and both error terms i.i.d. standard normal in both
dimensions. DGP 2 is the same but with « = 1. This allows us to isolate the effect of a non-
zero coefficient on bias and inference while keeping everything else the same. The third experiment
introduces conditional heteroskedasticity in the regression error. We do so by making the variance of
¢+ depend on the factor and scale so that the asymptotic variance of &, X4, is 1 in all experiments.

The fourth DGP adds heteroskedasticity to the idiosyncratic error. The variance of e; is drawn
from U [.5,1.5] so that the average variance is the same as the homoskedastic case. The fiftth DGP
introduces serial correlation in the idiosyncratic error term with autoregressive parameter equal to 0.5.
The innovations are scaled by (1 — .52)1/ % to preserve the variance of the idiosyncratic errors. Finally,
the last experiment introduces cross-sectional dependence among idiosyncratic errors. The design is
similar to the one in Bai and Ng (2006): the correlation between e;; and ej; is 0.5 if |i — j|] < 5.
We rescale e;; so that I' is the same as for the other cases.

We concentrate on inference about the parameter « in (11) . We consider asymptotic and bootstrap
symmetric percentile t confidence intervals at a nominal level of 95%. We report experiments based
on 5000 replications with B = 399 bootstrap repetitions. We consider three values for N (50, 100,
and 200) and 7" (50, 100, and 200).

We tailor our inference procedures to the properties of the error terms. When ¢; is homoskedastic

(DGP 1 and 2), we use the variance estimator under homoskedasticity:

A = -1
Yo =062 (T > FE) (13)
t=1
whereas we use the heteroskedastic-robust version for DGPs 3-6:
A = -1 = = -1
Yo = (T > Ff) <T > FE@§+1> (T > FE) : (14)
t=1 t=1 t=1

Similarly, we use the homoskedastic estimator of I' for cases 1-3, the heteroskedasticity-robust
estimator for cases 4-5, and the CS-HAC estimator of Bai and Ng (2006) in case 6 with the window
size n equal to min (\/N , VT > We consider the wild residual-based bootstrap described in Section 4
with the two external variables 7, and v; both drawn from i.i.d. N (0,1).

We report two sets of results. The first set of results is the bias of the OLS estimator. Because
the OLS estimator does not converge to « but to H o (and H converges to +1 or —1) and because
its bias is proportional to this, the bias will be positive for some replications and negative for others.
Reporting the average bias over replications is therefore misleading in this situation. To circumvent
this, we report the bias of the rotated OLS coefficient, H'&. This rotated coefficient converges to « in
all replications. Note that this rotation is not possible in the real world since the matrix H depends
on population parameters. Note also that this rotation is possible in the bootstrap world (and indeed
necessary to obtain consistent inference of the entire coefficient vector, see Corollary 3.1). For the

bootstrap world, we report the average of H' H*&* — H'é, again to ensure that the sign of this bias
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is always the same. Secondly, we present coverage rates of the associated confidence intervals. For
comparison, we also include results for the case where factors do not need to be estimated and are
treated as observed (row labeled "true factor" in the tables). This quantifies the loss from having to
estimate the factors.

Table 1 provides results for the first two DGPs and illustrates our results. For each DGP, the
top panel gives the bias associated with the OLS estimator as well as the plug-in and bootstrap
estimates. The plug-in estimate is obtained by replacing the unknown quantities in Theorem 2.1 by
sample analogues. The second panel for each design provides the coverage rate of intervals based on
asymptotic theory, either using the OLS estimator or its plug-in bias-corrected version, based on OLS
using true factors, and based on the wild bootstrap. From table 1, we see that, as expected, bias is
nil when o« = 0 (case 1). When a # 0, a negative bias appears. DGP 2 shows that the magnitude
of this bias is decreasing in N (and T"). The plug-in estimate of this quantity provides a reasonable
approximation to it. However, the bootstrap captures the behavior of the bias well as predicted by
theory and better than the plug-in estimate.

Coverage rates are consistent with these findings. When a = 0 (DGP 1), asymptotic theory is
nearly perfect and matches closely the results based on the observed factors. In case 2, with a = 1,
OLS inference suffers from noticeable distortions for all sample sizes. This is because the estimator is
biased and the associated t-statistic is not centered at 0. Plug-in bias correction corrects most of these
distortions. The bootstrap provides even better inference and is quite accurate for N > 100. The loss
in accuracy in inference is due to the estimation of the factors as illustrated by the results with the
true factors.

Tables 2 and 3 provide results for the other DGPs and show the robustness of the results to the
presence of heteroskedasticity in both errors (DGPs 3 and 4), and serial correlation in the idiosyncratic
errors (DGP 5). The bias results in table 2 are very similar to those in table 1, although coverage
rates reported in table 3 deteriorate relative to the simpler homoskedastic case. The presence of cross-
sectional dependence (DGP 6) is interesting. The wild bootstrap is theoretically not valid since it
does not replicate the cross-sectional dependence. Indeed, we see that, contrary to the other cases,

the plug-in estimate of the bias is often better than the bootstrap, especially with N = 50.

6 Conclusion

The main contribution of this paper is to give a set of sufficient high-level conditions under which
any residual-based bootstrap method is valid in the context of the factor-augmented regression model
in cases where /T /N — ¢, 0 < ¢ < oo. Our results show that two crucial conditions for bootstrap
validity in this context are that the bootstrap regression scores replicate the time series dependence
of the true regression scores, and that either ¢ = 0 or the bootstrap replicates also the cross-sectional

dependence of the idiosyncratic error terms.
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Our high-level conditions can be checked for any implementation of the bootstrap in this context.
We verify them for a particular scheme based on a two-step application of the wild bootstrap. Al-
though the wild bootstrap preserves heteroskedasticity, its validity depends on a martingale difference
condition on the regression errors and on cross-sectional independence of the idiosyncratic errors when
c # 0.

Although our general results in Sections 2 and 3 allow for serial correlation in the scores (see in
particular our Assumption 5(b)), the particular implementation of the two-step residual-based wild
bootstrap we consider in Section 4 is not robust to serial dependence. A block bootstrap based method
is required in this case. We plan on investigating the validity of such a method in future work, and
our high-level conditions will be useful in establishing this result.

A second important extension of the results in this paper is to propose a bootstrap scheme that
is able to replicate the cross-sectional dependence of the idiosyncratic error term. As our results
show, this is crucial for capturing the bias when ¢ # 0. Our wild bootstrap based method does not
allow for cross-sectional dependence. Because there is no natural cross-sectional ordering, devising a
nonparametric bootstrap method that is robust to cross-sectional dependence of unknown form is a
challenging task.

Another important extension of the results in this paper is the construction of interval forecasts,

which we are currently investigating.
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A Appendix A: Proofs of results in Section 2
We rely on the following lemmas to prove Theorem 2.1.

Lemma A.1 Let Assumptions 1-5 hold. Then, * T t 4 (Ft HFt> g = Op (ﬁ), where
NT
SN = min (\/N, \/T> .

Lemma A.2 Let Assumptions 1-5 hold. Then, if \/T/N — ¢, where 0 < ¢ < 00, for any fixred h > 0,
~ /
a) L3 ( HFt) (Ft - HFt) = cVIQLQ'V + op (1).
1 ~T—h - " ny—2
b) LI HE, (Ft - HFt> = cQTQ'V 2 +o0p(1).
1 ~\T—-h n ! _ / -2
¢) T LI Wi (B - HE) = cSwrHQUQV 2+ 0p (1),

d) Letting X7 =V 1QTQ'V~!, we have that

T—h
Z F, (Ft HFt> (H™ a=c(Sp+VEpV) plim (&) 4 op (1), (15)
=B,
and
\/1T S Wi (Fi— HE) () a = (S pVEV ) plim (@) +0p (1), (16)
N =B;

where Sy 5 = plim (W F ) = SwrH), with Syp = E (W,F).

Proof of Theorem 2.1. Write

1Th(H )5 . 1Th< HFt>€ h
T—h -1 a t=1 Wi " T t=1 "
\/T(Es—(s) - (; ztzé;) =4 =1 .
t=1 ! Z t( HFt) (HY) a
T t=1
\ =C

By Assumption 5 and given the definition of ®¢ = diag (plim H, 1),

H 0 1 T—h
A= — Y ziepn =N (0,09 .
(5 I)ﬁz (0.2020})

By Lemma A.1, B —% 0 and by Lemma A.2d),

C:—\%i ( 52 ) (7 - HFt> (H—l)’az—c< g; > +op (1),
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where B, and Bg are as defined in (15) and (16). Given Assumptions 1-5,

1 T—h T—h
T Zétéf{ < Zztzt> (I)0+0P< ) :CI*OEZZ<I>6+OP (1)
t=1

This implies that if VT/N — ¢, VT (8 . 5) 4 N (—cAg,55), with g = & 12108 1d; !, and

_ (AL -1 Sp+ VIRV o
As = ( Ay > = (PoX..Pp) < 5 AVE RV plim (&).
When Ywr = E (Wi F]) =0, we have that ¥,z = 0, implying that

_(H'YSAHSY 0 Sp+VERVE L
A5‘( 0 s 0x vyt ) Pim@) =

since H(')_lE;,lHo_l = I, given that we can show that HyXp = Q = (H(’))*1

N -1
<EF+V;)EFV >plim(d),

Proof of Lemma A.1. The proof is based on the following identity:

T T T
~ . 1 ~ 1 ~
Ft_HFt =V 1<T§ F578t+ E FCst § anst—i_TE F5€St>
5:1 s=1

s=1
= V1 (Ay + Agy + Az + A4t) ; (18)

where Vst = E <% leil eiseit> ) Cst = % le\il (eiseit —F (eiseit)) Mst = N ZN /\/F et = F’A ct and
€ = Ft’% = 1, Using the identity (18), we have that

T—h

1 _ )

=3 (Ft - HFt) eein =V XU+ I+ IIT+1V),
t=1

where [ = T2 ZtT:_lh S Feygersn, and

T-h T T-h T T—h T

IT=T723"3 Flgyeern, HI=T23 "> Fmgeren; and IV =T"2Y " " FLern.

t=1 s=1 t=1 s=1 t=1 s=1
Since V-1 = Op (1) (see Lemma A.3 of Bai (2003), which shows that V — V > 0), we can ignore
VL I=0p (T_l/Q(Sf\,lT) by the same argument as given in the proof of Lemma A1l of Bai and Ng
(2006) (this uses the fact that X ZS n ‘
A.1 of Bai (2003)). For I1, we have

T 1/2 T

1 2 1
1] < (T : ) >
= s=1

=0p (6 NT) under our assumptions; see Lemma

1/2

| T=h 2
T > Coern
=1

=0 (57) =0 ()

~ 12
given that %ZSTZI ’ F|| <2 ‘ +2 IH|> T ||Fd])? = Op (1), and
1< |1 & g & i 1
f ZE T Z Cstf‘?t-i-h = ﬁf ] Z €isCit — ezseit)) Et+h| = ) (TN) )
s=1 t=1 =1 =1
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by Assumption 4(a). For I11, a similar argument yields

T NG | T=h 2
I1T < (T; F ) thlnstgwh

since

| L[ Db 2 1z 1 | Th 2
— — € < = E|? —|—— Nese
53] E) SIS IEES SILIREN PR Sy
—_——— ~
=0p(1) =0p(1) by Assumption 4(b)

Finally, for IV, we have that

S RO : 1
vl < ( ) 1y (T > fstmh) 0 ()
T

1 lT—h 2 ) T , . ) 1
_ il < 1 - .
(5] <2y GEIAT) (5 m]) o)

=0p(1) by As&,umptlon 3(d) =Op(1) by Assumption 5(c)

1/2

since

/

Proof of Lemma A.2. Proof of part a) Using the identity (18), we can write

1 = . ;L | T=h )
=S (B—HER) (B -HF) =V '—= 3" (Ay + Ay + Ag + Ag) (Ay + Ay + Az + Ag) V1
ﬁ ; ( t t) ( t t) \/T ; ( 1t 2t 3t 4t) ( 1t 2% 3t 4t)

where A (i = 1,. ,4) are defined in (18). We analyze each term separately (ignoring V=1). We
can show that % —h 1 ARAL = Op ( ) implying that f Z;‘F 1h A Ay, = Op ( 1/2) =op(1).
Indeed, by Cauchy-Schwartz

1 T—h 1 T—h 1 1 T 2 1 T T 1
72 Audy| < =) llAu]® < = (TZ\ . ) (TZZ@) =Op <T) .
t=1 t=1 s=1

t=1 s=1
We can show that 7 Y73 " Az Ay, = Op ((NT)il)ﬂLOP (N~163%) , implying that ﬁ ST A A, =
Op (ﬁN> +0p (%6;\@) =op (1), if VT /N — ¢ < co. Indeed,

T 2
1 .
=3 (i~ HF, + HE) Cy

= 1 .
HT;Fs<st

1 T—h 1 T—h
2

< 7 > Axl? = T >

t=1 t=1

1Tfh T
< T;

1 T—h
72 Andy
t=1

2 T—h 2

1
D

t=1

= a22.1 + a22.2,

=3 (R HE) ¢

s=1
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where

a22.1 = % Z

1<) -
s(T;\ L —

=Op (5;,27,) =Op(N—1) by Assumption 2(c)
and
1 T=h | T=h TN 2 1
2
ag.2 < || H| Z ZF Cst = || H| TNT Z Wi YD Fileisei — E(eiseir))| =Op (TN
s=1 i=1

=0Op(1) by Assumption 3(b)

We can show that if VT /N — c, \F ST Az A, = ¢QTQ' + op (1) . Indeed,

| T=h 1 Thf T 1 3 !
= Audly = > (T 3 (F —HF, + HF) nst> <T 3 (F —HF, + HFS> n5t>
t=1 t=1 s=1

=1

vl

— /
= ag3.1+ ag32 + asz o + asss,

2
T I T—h T 2
where [laga.|| < + X0, |y — HE & X5 S Inal = 0p (7

2
N

particular, Assumption 3(d) is useful here). Thus, VTass1 = Op (%—) =op(1),if \/>/N — c
1) _

) under our assumptions (in

Using similar arguments, we can show that VT aszo = Op ( —)
T—h T T ! T—h T T
1 1 1 1 1 Ne; 1 et
= — — YN HF, — N HF, = H— N FF—| (=Y L FF|H
F'E\ 1 <X (Ne\ (A (F'F 1
1 ()2 (5) (%) () wr=er (5):

given Assumption 3(e). When multiplied by VT, this term is of order Op (%) and therefore it will

not converge to zero in probability when ¢ # 0. To compute its probability limit, note that

~ ~\/ ~ /
upp (FH-F+F)F (F—FH’)F+F/F_ .
T T - T T - oF

since w =0Op (51_\,2T) = op (1) (see Lemma B.2 of Bai (2003)) and phm = (. Thus,

VEasss = (1) {;Tzh (22) (%)} (5 ) o = carq/+or 1),

t=1

where we have used Assumption 3(e) and the fact that vT/N = ¢ + o(1). To complete the proof,
we show that the remaining terms are asymptotically negligible. We can show that % ZtT_lh Ay A, =
Op <N52 )+0P (N&NT>+OP (TN) which implies that if \/T/N — ¢, \F Zt 1h Ay Ay, = Op (Ng;p>+
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Op (N\({ZT> +Op (ﬁ) = op (1) . Indeed, given the definition of Ay,

| T=h L Thfy T 1 . !
S Audly = 2> (T > (F.— HF, + HF,) 55,:) <T > (F.— HF, + HF,) 55,:)
t=1 t=1 s=1 s=1

— !
= G441 1+ Q442 + Qg4 9 + Q44.3,

where by Cauchy-Schwartz and Assumption 3(d),

171 & - ? 1L | Th T
||a44.1H§TZ TZ(FS*HFS)fst STZ‘ s — s —ZZ|§St| _OP(5N2T)OP( )7
= =1 s=1 t=1 s=1
and
My T 2\ 1/2 L TRy I, 2\ 1/2
lasaall < 7> HF& 7272 (£ - HE) ¢ = 0p (NY2) 0p (N72034).
= s=1 t=1 s=1

Thus, VTass1 = Op (51_\727“) Op (\/TN_1> =op (1) and VTasso = Op (\/TN_l) Op (51_\717“) =op (1)
if VT /N — c. Finally, for as43, by Assumption 3(c),

1 T—h 1 T 1 T
ags = Hp Z (TZstst> (T Zisthf) H'

— ( €s A) T Z F,F} <T 3 Aj\fsp’) H' =0Op ((NT)—I/z) Op (1) Op ((NT)—1/2) ’

implying that VTass = op (1). We now deal with the cross terms. From Cauchy-Schwartz and
the fact that T~ 3" | A1s|? = Op (T71) and T2 30/ [ Ax||*> = Op (N~1632%) , it follows that

IS T AL AL, = Op <5N1T (TN)~ 1/2), which implies that T-1/2S1"" A, A, = op (1) Simi-
larly, we can show that 7-1 3 [ M AL AL, = Op <( N)~ 1/2> since T~ IZ "1 As? = Op (N7Y);
T Al = Op (T )‘1/2>, given that T~ ST | Ayl|? = Op (N71); T- ST Ag Ay, =
Op (N71o4): T1 S Ag Ay = Op (NT1o ) s and T 07" Ag Al = Op (N6 5%) - For this
last term, an application of Cauchy-Schwartz inequality is not enough since it would imply that this
term is of order Op (N _1), which when multiplied by v/T' would not go to zero if lim /T /N =c#0.

Therefore, a different argument is required. In particular, we write

| T=h | T=h 1 I ! 1 X 1 X !
T > Agdl, = T > A (T Zstst> = Z Ast (T > (Fs - HFs) Sst T Hp > stst>
t=1 t=1 s=1 t=1 s=1 s=1
| T=h 1 T T—h !
Sy () e S (SR
t=1 s=1 s=1
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The first term is of order Op (N _15]_\[17“) by Cauchy-Schwartz inequality. For the second term, we
decompose Ag; as follows,

T T

T
1 ~ 1 -~ 1
A3t = TZFsﬁst = TZ (FS —HFS) nSt—i_HTZFSnst‘

s=1 s=1 s=1
Thus, we get that
| T=h T (1 T=hfy I 1 X ! 1 T=hf I 1 X !
7m0 Auy Fiéu=5) (T > (F-HF,) n5t> <T Z; stst> +H 2; (T 2; anst> (T > F@) :
t=1 s=1 5= t= 5= s=1

s=1

The first term is of order Op (N _15;\117’) using Cauchy-Schwartz and the bounds found before. For the

second term, we use the definitions of 7, and &, to write

1T—h 1 T 1 T ! 1 E 1 T—h 1 T—h
- ~NTFR, N F, = NeFl | | —— ) Ae,F!
Py (75 (73504) NT(T)(W; 1) (g X ¥k

~ 70r 0P WO 1) =0n (7).

given Assumption 3(c). This completes the proof of part a) since it shows that all the terms except
the term that depends on % Zf:]h Az Ay, are asymptotically negligible when VT /N — c.
Proof of part b). Replacing F,—HF,=V~! (A1p + Ao + Asy + Ayy) yields

\/» Z F; (Ft HFt) = ZFt A1t+A2t+A3t+A4t) fH (bfl +bf2+bf3 +bf4) vl

where A;; are as defined previously. Again, we consider each term separately. We can show that
71 ZtT;lh F,A, =0p (5]*\,1‘FT_1/2), which implies that \/THbflf/_l = op (1) under our assumptions.

Indeed, using the decomposition of Ay,

1 T—h 1 T—h 1 T _ , 1 T—h
EOTIEES WIS MCELTA RN EES wEAES oM T
t=1 t=1 s=1 t=1

= bpi1+byrro,

br1

where ||bs11]] < Op (1) Op (6N1TT ~1/2) by an application of Cauchy-Schwartz inequality and the fact

2
~ /
that T S5 B2 = Op (1) and TS | AL (B - HE) | = Op (5277Y). For

bs1.2, we have

| T=h 1 (1= T
bpre = T Z Fi ( Z ’Yst> =7 (T Z ZFth’Yst> =0p(T71),
t=1 t=1 s=1
since
[ T=h T
T Z Z Fth/’yLst

t=1 s=1

T , 1 LT 9\ 1/2 o\ 1/2
< 2O Y BEFr < 23 bl (BIRP) T (BIRIP) T =00),
t=1 s=1 t=1 s=1
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given Assumptions 1 and 2. Thus, byy = Op (5]_\,1TT -1/ 2). Similarly, we can show that by =
7! ZtT:_lh F,AL, =Op ((TN)_l/Q) since by definition of Ag,

T-h T |z o\ /2 | T=h 2\ 1/2 )
|lb F; F/ — — F; =0p(1)0 —,
’ f2H T2 z; 8221 tCst (T - ) T ; tCst P( ) P <\/ﬁ>

where Assumption 3(b) is used to bound the second term. The same exact reasoning applies to show
that bz = 77! Zf:]h FA, = Op ((TN)71/2) , with the difference that we use Assumption 3(c)

2
to conclude that 71 Zstl HT‘l ZtT:_lh Fingll = Op ((TN)_I/Q) . To end the proof, we show that
\/be4 = cYrl'Q' V! +0p (1). Replacing Ay with its definition (and decomposing it into two terms)

yields

1 T—h ) 1 T—h 1 T _ , 1 T—h 1 T ,
UEESSLTIEES SETCO oCERESEN IS SETC5 it Zogo s
t=1 t=1 s=1 t=1 s=1

Starting with b4 9, and given that &, = F/ A]/\fs

1 1 T=h R 1
brag=—— =S FF | [ —— S Ale, F H’_O<>,
2= N (T; t t) <\/TN; © ) JTN

given Assumptions 1, 3(c) and the fact that H = Op (1). Thus, ﬁbzlf,g = op (1). Next, consider
brs.1. We have that

1Tfh 1 T B ! Aes AGS N /
bf4.1:th:;FtT;<Fs_HFs> <Ft >_ ZFtFt *Z N (FS—HFS) s

s=1

, we have that

where the first term is Op (1) and the second term can be shown to be Op (N~1). Thus, we will
get a non negligible contribution from bs4; when multiplying by VT. Specifically, using the usual
decomposition for Fy; — HF,, we have that

1ZT:A/€S (FHF)I—lzT:A,eS(A Y Agy + Ags + Agy) V! (19)
TS:1 N s s —TS:1 N 1s 2s 3s 4s .

We will show that the only non-negligible term is the term involving Ass. The first term is Op ((]\fT)_l/2

by an application of the Cauchy-Schwartz inequality, given Assumption 3(d) and the fact that 7~ ZST:1 I|A1s ||2 =

Op ( ) so this term is op (1) when multiplied by v/T'. Similarly, the second term is Op (N *15]_\,1T) ,
given Assumption 3(d) and the fact that T7-1 Y.7_, || Ags||* = Op (N~163%) . For the last term in (19),

a more careful analysis is required. We have that

Aes Aes 1 &
T 1N 4s TZ ( HFt)5t8+HTS§_:1

T
Z é.ts (20)
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By Cauchy-Schwartz inequality, we can bound the first term in (20) by

T 1/2 T 2
(F3 - mrl) (53 ]F 2 A

since £, = Ny, implying that

fz z“s 6.

The second term in (20) can be shown to be Op ((TN)_l) given Assumption 3(c). Thus, (20)

1/2

1 1 1
=Or <5NT> Or <N> =or <N5NT> ’

2 LT
:TZ

t=1

AeS

2
STZ

s=1

T
1 Neg
T Z N Nst

s=1

B3 Yl =0n ().

|
s=1

is Op (N *16]_\%) , which is op (1) when multiplied by v/T. To complete the proof, we analyze the
dominant term in b4 which comes from the contribution involving As,. Using the definition of Ass,

it follows that
1 < Ae -, 11 L /Ne A\ F'F 1
= S gl -1 _ - - S S — 1—1 1 N;—

given Assumption 3(e) and the fact that %ﬁ =@ +op (1) and V — V. Thus,

VThyy = ( Z FtFt) (ﬁ (T +op (1)) Q’V—1> = cSpIQV ™ +0p(1).

This implies that \/THbf4_1‘~/_1 = cHoXrTQ VW=t +op (1) = cQTQ'V~2 4 0p (1), because Hy =
plim H is such that HpXp = Q.
Proof of part c). The proof follows closely the proof of part b) by relying on moment and dependence

conditions involving the extra regressors W;. In particular, writing
1 T—h ~ , 1 T—h ) )
ﬁ tZ:; Wt (Ft - HFt) = ﬁ ; Wt (Alt +A2t +A3t +A4t)/V71 = \/T(dl —}—dg —|—d3 +d4)V71

we verify that v/T'd; = op (1) for i = 1,2, 3 by using the same arguments as for br1, byo and bys. The

only term that has a nonzero contribution is dy4. Following the same arguments as for by,

T—h T
[/ 1 1 A - AN
\/Tdélv_l — \/T (T Z WtF{) <T Z ]\fs (Fs _ HFS) ) V—l — CEWFFQ,V_2 + op (1)
t=1 s=1
= CEWFH(,JV (VleFlefl) vl4 op (1), since H(/JQ _ 1
= CEW};VEl;Vfl +op (1), since wp = EWFH(/) and ¥ = VﬁlQI‘Q'V*P

Proof of part d). This follows immediately from parts a), b) and c) of this Lemma.

B Appendix B: Proofs of results in Section 3

This Appendix is organized as follows. First, we provide some auxiliary lemmas, then we prove the

results in Section 3, and finally we prove the auxiliary lemmas. In the proofs we will repeatedly
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use the fact that Op- (1)Op (1) = Op« (1) Op= (1) = Op+ (1) in probability and Op« (1)op (1) =
Op+ (1) op+ (1) = op~ (1) in probability. For a proof of these properties as well as other properties
that justify the transition between the bootstrap stochastic orders and the stochastic orders for the

original sample see Cheng and Huang (2010, Lemma 3) or Chang and Park (2003, Lemma 1).
Lemma B.1 Let H* = V* 1 F;F AJ/VA. Under Conditions A*-D*, we have that if § y7 = min <\/N, \/T) )
a) H*H* =1, + Op-« (5]}%), in probability, i.e. H* is asymptotically an orthogonal matriz.

b) H* = Hj+Op- (5;\,2T), in probability, where Hy is a diagonal matriz with £1 on the main diagonal.
c) V*=H*VH" + Op- (5&2T) =V +Op- (5&2T), in probability.

Lemma B.2 Let Assumptions 1-5 hold and suppose we generate bootstrap data {yz)rh, XZ‘} according
to the residual-based bootstrap DGP (7) and (8) by relying on bootstrap residuals {e},, } and {e}} such
that Conditions A*-D* are satisfied. Then, as N,T — oo,

1 1
- F*—H*F)&‘* :O*< >’
T;( t U] St+h P SNT T

in probability, for h > 0.

Th

a) - Z < H*Ft> <Ft* - H*Ft>/ = —prig

t=1

Lemma B.3 Suppose conditions A*-D* hold. Then,the following statements hold in probability, as

- (W) (%))
+ Op- (;) + Op- (N(;NT> 4 Op- ( )

)

Hor ( NT\f> tor <N5NT> '

1 Nes e’ A F'F*\ ~,
1 () ()| ()

s=1
1 1
+O * —_— +O * .
" <5NT\/T> d (N5NT>

T—h

st o (0

t=1

*—2

<jr

1 T—h ~ .y 1 1 T—h ~
* * _ /
o) 7 ;—1 W, (Ft ~H Ft> - < (T ;—1 WtFt>
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Lemma B.4 Suppose conditions A*-D* hold. For any h >0, if VT/N — ¢, 0 < ¢ < oo, then

T—h
1T S E(Fr - H*Ft)/ () a = o(Hy) [TV 4TV 2 atope (1),
t=1

=B}

\f Z Wi ( H*Ft) (H*,)_l a = C[iwﬁr*f/_ﬂ & +ops (1),

— *
:BB

in probability, where ZNIWI; = % Zfz_lh Wtﬁt’.

Proof of Lemma 3.1. The proof is based on the following identity:

T T
1 - 1 ' * 1 * *
Fr —H*F, =V*1 TZF;’Y:t+TZF:Cst+ Z SN+ o ZFfst ,
s=1 s=1 s=1
=41, =43, =A3 =Ak

* * N N * * N Y5 « =y Aer
where Vst = E (% Zz 1is Zt> Cst = % Zi:l( s zt - B ( €is zt))’ Nst = %Zizl )\iFseit = S/ ]\?t
and &, = & Zfil i;FteiS = n,. Ignoring V*~! (which is Op= (1)), it follows that

T
* * 4 * * * *
TZHF R < 230 (AR + 1450 + 145)° + 14307)
t=1

2
-
< <251\ s

2
By the Cauchy-Schwartz inequality, ) (Zgzl 7:?) , implying that

Zs 1 s 757&

) e o6)

1z
ZHAt” ST (T:

[Eaad i

= TH =r because %:ITZOP(U by Condition A*(b).
For the second term, we have that 57 (4517 < (450 |B:[) (L L ) -
Op+ (N) . In particular, by Condition A*(c), we can show that
1 r r 1 1 T T 1 N 9 1
R — & <

which explains why the second term is O p+« (N) For the third term,

1 & A'e L || Aves d ’ 1
x 112 — _ ~ =
EIYEES LRl LAl [PED {2l FRD SR R 63
t=1 t=1 s=1
Y a2
since HT‘1 ST F*F!||” < 72, whereas by Condition B*(d) and Markov’s inequality, + ST ’ A]\?t =

Op+ (%) . The fourth term follows by the same arguments.
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Proof of Theorem 3.1. The proof follows the proof of Theorem 2.1. In particular, we can write the
s -1

bootstrap analogue of (17), viz vT ((5 — 5*) = (% tT:_lh éféf’) (A* + B* 4+ C*), where conditional

on the original data, with probability converging to one, we have that

T—h
* * 1 ok * * *
A= 3wt~ N (0.0 (200 ).

given Conditions D*(b) and E*, and given that ®§ = plim ®*. In addition, B* = % Zz:lh (Ft* — H*Ft) Eiin =

op~ (1) (given Lemma B.2); and
T—h
1 ~ ~\/ —1\/ * —1 B*
C* = — ,7:’*<F*—H*F) H* 1 &_>P —c(®¥ < a>,
VT tz:; L\t t ( ) ( 0) BZ’

where Bf, and B are defined in Lemma B.4. Under Assumptions 1-5, plim V=V, plima= (Hé)_1 a,
plim fJWﬁ =Y p and plim I'™ = QI'Q’ by Condition F*, which implies that B}, —* B, and B —F
Bp; and finally 2 "7 275 = & (9., P)) BF + op+ (1). This implies that v/T (3* - 5*) "
N (—c (@) Ag, (BF) 7 55 (@3)—1), in probability.

Proof of Corollary 3.1. By Theorem 2.1, under Assumptions 1-5, and if VT/N — ¢, 0 < ¢ <
o, VT (3 - 5) —1 Z ~ N (—cAs,%s). Thus, from a multivariate version of Polya’s Theorem (cf.
P (\/T (3 - 5) < :L‘) — O (x; —CA(;,E(;)) =o0(1),

where @ (z; —cAg, X5) denotes the distribution function of Z. Then, the result follows if we show that

Bhattacharya and Rao (1986)), it follows that sup,

sgp ‘P (\/T (@*’3* — 3) < ac) — @ (z; —cAs, 25)‘ =op(1). (21)

Under the stated assumptions, from Theorem 3.1 we have that v/T (@*’3* - 5) -4 N (—cAs, Xs), in
probability. The result (21) follows from Polya’s Theorem.
Proof of Lemma B.1. Part a) follows from part b). For part b), by definition, H* = V*~! (%) A]:]A =

VL H* AR L Op. (632, given that H* = F*'F/T + Op- (533 Left multiplying both sides by V*
yields

. NA ~
VIH = H'== + Op- (337) = H'V + Op- (337). (22)

since V = A/T[\ by construction of the principal components. By Lemma A.3 of Bai (2003), V = V >0
and therefore we can write that V*H* = H*V +op« (1), or transposing, that VH* = H*V*+op- (1).
Thus, H* is (for large N and T') the matrix of eigenvectors of V. Since V is a diagonal matrix, H* is
also diagonal, asymptotically. Moreover, because V' has distinct eigenvalues (by assumption), it follows
that its eigenvectors have only one nonzero value and this is +1 or -1 (because H* is orthogonal).
Therefore H* is for large N and T a diagonal matrix with £1 in the main diagonal (in particular,
H* = diag(sign(F*'F))). Part c) follows from (22) by right multiplying by H* and using parts a)
and b).
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Proof of Lemma B.2. The proof follows exactly as the proof of Lemma A.1 using conditions A*-D*
instead of Assumptions 1-5.
Proof of Lemma B.3. Proof of part a). We follow closely the proof of Lemma A.2. Specifically, we
analyze each of the terms in

T—h T—h
1 [ * T [ * T ! [k — 1 * * * * * * * * 7k —
TZ (Ft - H Ft) (Ft - H Ft) =V 1?2(A1t+A2t+A3t+A4t)(A1t+A2t+A3t+A4t)/V L
t=1

In particular, by Lemma 3.1, and the appropriate bootstrap high level conditions, we can show that:
LTl A%, A% = Op- (1), using Condition A*(b); L S°7 " A%, A%, = Op- (ﬁ), using Conditions
A¥(c) and B¥(b); £ 15" A3, A3, = & B (Fﬁ) FE (i’%‘) (%) (”’) H"+0p- (37 ) us-
ing Condition B*(d); each of & S/ Ay, Ay, LS Ag, Axl LSV A5 A% and L ST A%, Ay is
Op- iy ) using condition B*(Q): 4 S0 Af, A3y = Ope (L )e & ST A7, Az and § ST A7, 4
are O ps« (ﬁ), in probability. This implies the result. Proof of part b). We analyze each of the terms

in
*1 — = * * * * (7K — * * * * * (7K —
Hszt( AL+ A+ AL VT =H (bF1 + bFa + b3 + b7a) V E

where we let b}i = % Z:;F:_lh FtA;‘t’ ,for j =1,...,4. Following exactly the same steps as in the proof of
part b) of Lemma A.2, we can show that: b%; = Op- (ﬁ), in probability, given Condition B*(a)
and Lemma 3.1; b’}2 = Op» (ﬁ), given Condition B*(b) and Lemma 3.1; b’}3 = Op» (ﬁ), given
Condition B*(c) and Lemma 3.1; b}, = + (% Zg:lh Ftﬁ’t’) [% ZZ:1 (%) <8§%\>} (F/F*) Vel
Op+ (ﬁ) + Ops« (ﬁw), given Condition B*(c) and Lemma 3.1. Proof of part ¢). This follows by

the same arguments used in the proof of Lemma A.l.c).

Proof of Lemma B.4. Part a) follows from Lemma B.3.a) and Lemma B.1.c), given in particular
the assumption that /T /N — c, the fact that H} = diag (1), and given Condition B*(e). Similarly,
part b) follows from part b) of Lemma B.3 and part ¢) of Lemma B.1, given Condition B*(e) and the
fact that ZtT "FF] = I, +op (1), that @‘7*_1 — V-1H*, and that H*1 (H*)™' = I, 40p~ (1),

in probability. Part ¢) follows similarly using part c) of Lemma B.3.

C Appendix C: Proofs of results in Section 4
First, we state an auxiliary result and its proof. Then we prove Theorem 4.1.

Lemma C.1 Suppose Assumptions 1-5 hold. If in addition either: (1) {Fs}, {\i} and {ei} are
mutually independent and for some p > 2, Eley| < M < oo, E||N|P < M < oo and E||Fy||P <
M < 0o, or (2) for somep > 2, Eley|’ < M < oo, E||N|*! < M < 0o and E||F|]*’ < M < oo,
it follows that (i) 12T HE—HFt "= op(); (i) LN ‘ " = 0p(1); and (iii)
ﬁ 231:1 Zz]\il & =0p(1).
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Proof of Lemma C.1. Proof of () We rely on the following identity (see Bai and Ng (2002),

proof of Theorem 1): F;, — HF; = < ST Faby + 7 LS T Fang + % ST stst) , where ¢, =
% Zfil €isCit; Ngp = % Zi:l N;Fseyr; and €, = n;,. It follows that by the ¢, inequality,

1< p p 1 & 1 <& 1 <&
— F—HFH <3p—1Hf/—1H - N ,
T;Ht b= T;at+T;t+T;Ct

T F P 1 T 7 P 1 T £ P
where a; = 75 ||> o1 Fstlst|| 5 b0t = 75 sm1 Fsng|| 5 and ¢t = 75 1 L . Let x, denote
either 1, ng or &,. We can write

2
T P T 2\ P/ T , T p/2
Z - Z ~ o Z 2
sXst = FSXst < FS |Xst‘
s=1 s=1 s=1 s=1

It follows that

1k

t=1

T

Z sXst

=1

p/2 L I
<’"p/2 Z( ZMI) <P ZZ\xstl”,
s=1

2
given that %Zzzl Fs|| = r and where the last inequality follows again by the ¢, inequality. Thus

it suffices to show that F |x4|" < M < oo to prove that the above term is Op (1). Starting with
st = ¢st>

p

1 N
N Z €it€is

i=1

E ’wst’p =F

1 & 1 & ) o\ 1/2
< v 2 Elewenl’ < N;(Eezt\ N (Blew)” < 1 < o,

given that we assume E |ey | < M < oco. When x,; = 1, we have that
3p\ 2/3 1/3 1/3 1/3
EXFeul” < (ElNeall ) (BIRIP) " < (BINIT Blea™) ™ (BIRIT) " < M,

which implies F|ny[P < M. Note that if we assume that {\;}, {Fs} and {e;} are three mutually
independent groups of random variables, then it suffices that F ||\||” < M, E||Fs||’ < M, and
Elex|? < M to bound E !x\ngeit‘p. The term that depends on x,; = £,; can be dealt with similarly.
Proof of (ii). Note that A = %ﬁ Since X = FA +e, it follows that A’ = #A'—I— %, thus implying

that \; = F/—F)\Z- + F;i, where e; = (e;1,...,eir)’. We can write
< F'FH Fle, . . /
A= S H T = BT (F—FH) B N+T™ (F = FH') ei+T7 (FH') e,
Thus,
. e fror (e e e
NZ’)\Z_ 1 Sgpil 1 N 1 ~ // 1 N _ , p
=1 +N Zi:l T (F - FH) €i + N Zi:l HT FH H
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For the first term, we have that

N
o L Y e (e ey
=1

Pogoage 1 al p
CE R AP
=1

), [[H'7||" = Op (1), and the

p
<

where HT—l/ZFHp - HT—W (F . FH')

"= or (53) = 0r (1
last factor is Op (1) given that E || A;||” < M < oco. For the second term, SN T
|rv2 (7 - Frr) |
dominated by

1 _1/2210 1 & _1/p/2 1T2f”/2 1NTp
NZ;(HT @H) NZT NZ ;% S DD

t=1 t=1

1 (F — FH’)leZ

%Zi\il HTﬁl/zein, where the first factor is Op (1) and the second factor is

which is Op (1) given the assumption that E |e;[’ < M. The third term can be bounded similarly
using in particular the fact that E||F;||? < M < .

_ - I
Proof of (iii). We can write & = eg — N.H ! (Ft - HFt> - ()\i - H*“Ai) Fy, which implies that

T N
]\:Z;|éit|p < NTZZ|en|p+3P1 ZH)\ PP = ZHFt HE

t=1 i=1
p 1 ~ ||P
TESy LT
Tt:l

1 -
-1
BN Z\ i
=1

The first term is Op (1) given that F |e;|” = O (1); the second term is Op (1) since E || N[ = O (1)

and given part (i); and the third term is Op (1) given parts (ii) and (iii), since in particular

T T T T
1 ~ || 1 ~ P _ 1 1 ~ P
P < g3 fmr (5 )| <2 (v 5 3 s 330 |- an] ) < on
t=1 t=1 t=1 t=1

Proof of Theorem 4.1. We verify Condition A*-F*. We start with Condition A*. Since €}, =
€itn;; where 1, is 1.1.d.(0,1) across (,t), part a) follows immediately. For part b), note that 7%, =
+ SN | &it€is1 (t = s), which implies that Zts'y;‘? = %Zf:l (% iy %)2. This expression is
bounded by % 2?21 % Zf\i | €4, which is Op (1) under our assumptions by an application of Lemma
C.1 (iii) with p = 4. For ¢), note that for any (¢, s),

2 N

1
ZZCOU ztezsv jte]s = Nze 6 V(IT‘ 771t77¢s),

11]1 =1

*

ztezs zt ezs

given that Cov* ( ener.. e jte]s> = 1(i = j)e%e2,Var (n;m;,)- Thus, condition A*(c) becomes

1 LS v <1N1T~22<-011N et =0p(1
TQE;NZGtGw ar 771157715>— N; T;eit <7 NT;tzlelt_ P(),



for some constants 77 and C, which holds given Lemma C.1 (iii) with p = 4. For Condition B*(a),
using the bootstrap time series independence, we have that X Zt S B F, = T LS FiFlys, =
x S EF] (% va 1€ lt) which is bounded by

2) 12 ;ZT: (;iéi) . (%g“fﬁ(r) 1/2

t=1

1| 7 =

(73l
t=1

For Condition B*(b), we have that

T 1 T N
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t=1 s=1 i=1
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where by the bootstrap cross sectional independence, we can show that C'ov* (e;‘tez‘s, e;te;l> = 0 when

i # j for any t,s,l, and when i = j, Cov* (e},e},, ehel) = 1(s = 1)éxe2, Var* (nym;,) - It follows that

1 1 SR A 1
S B || DD A (ehel — BT (ehel))|| < i (Zé%t> (Zzgzséfs)
thl TN s=1 i=1 Nz 1 thl Tszl
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Next consider Condition B*(c). We can show that

Aet A,

T
1 n 1
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where by Cauchy-Schwartz,
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C.1(ii) with p = 4. For Condition B*(d), we have that
N T N 1/2 N | T 1/2
1 2 (1 2 1 ~ |4 1 1 4
_NZ’ (TZ%>S< & ) (NZTZ%) =0r(1).
i1 t=1 ; '

For Condition B*(e), we show that A* = + Zt N ZZ 1 ZN Ai )\ ( eqei — B* (e;*te’;-t>) =op(1).

This expression has mean zero under the bootstrap measure by construction. So, it suffices to show

In particular, + Zfil ‘ Ai

T A,

that its variance tends to zero in probability. Take the case where the number of factors r is equal to
1, for simplicity. Then,

T T N

1 1 e -
Var* =72 Z Z N2 AiNj A Cov® (efte;t, e}"sezs) .
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Using the properties of the wild bootstrap, we can show that Cov* (e;‘te;ft, (e s) =0ift # s, for any
(i,4,k,1), and
é;*tvar (mt) fi=j=k=1
Cov* (e;kte;t, eftezt) = Ztejt, ifi=k#£j=1 ,
0, otherwise

which implies that Var* (4*) < 7%+ £V1)\z ~NT S SN & = Op (%) = op(1), given that
%Zfil 5\? = Op (1) and ﬁzz ST &5 = Op (1) by an application of lemma C.1 with p = 4.
Thus, I'* = £ Zf:l + Zfil ;€2 for the wild bootstrap. Condition F* is satisfied because by Bai and
Ng (2006), I'* =" QI'Q’. Next, we verify Condition C*. For t = 1,...,T — h, let Eryn = Et4hVtvh,
where vy yj, ~i.i.d.(0,1). Part a) follows as Condition B*(b), using the independence between ¢}, and

e},. For part b), we have that

1 Tl frer 2 1 T—hT—h N
E* - t % :7E* * )\ 5\ *
1 T—h 1 N 5 T—h 1/2 ) T_h . N o o\ 1/2
1S < (5 z) Ly (Nz ifa) ) —on,
t=1 i=1 t=1 t=1 i=1

where the second equality uses the independence between {e},} and {e}} and the fact that E* (e}, ¥ ;) =
0if t # s and E* ( e;e; ) =1(i =j and t = s) &%. Part c) follows because 7%, = 0 for t # s and by

repeated application of Cauchy-Schwartz inequality, we have that

1 & 1 41 20 e 11 1/
[ % * n * 4 e
T ZthtJrh’Ytt < ( F T ; HEtJth ) (TN Zzei) )

= t=1 i=1

which is Op~ (1) provided S eit, = Op+ (1) in probability. For this, it suffices that 4 ST lh E* (g51,) =
Op (1) . But by the properties of the wild bootstrap on ¢}, , we have that for some constant C' < oo.
x Z?:]h E* (e11),) = x Z?:]h &t B (vi,) < (of 1 ZT he &, = Op (1). Finally. we verify Condition
D*. E*(ey,;,) = 0 by construction. Moreover, we have that %ZtT;lh E* ‘5:+h‘2 =1 STk &, <
(% ZtT 1h 5f+h) is = Op(1). So, part a) is verified. For part b), let wy = (2*)~ /2 4 ey, and note
that wy is an heterogeneous array of independent random vectors (given that €}, , is conditionally
independent but heteroskedastic). Thus, we apply a CLT for heterogeneous independent vectors (see
e.g. Proposition 2.27 of van der Vaart (1998)). Since E* (w;) = 0 and Var* < -2 wt> =1,
it suffices to verify Lyapunov’s condition (a sufficient condition for Lindeberg’s condition). In partic-
ular, we can show that for some d > 1, T—¢ ZtT;f E* ||wi|* = Op (T'=%) = op (1). Condition E* is
satisfied since Q* converges to ®oQ®(, > 0, by Bai and Ng (2006) and Condition F* was verified in

the main text.
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Table 1: Bias and coverage rate of 95% Cls for delta - Homoskedastic cases

N =50 N =100 N =200
T=50 T=100 T=200 | T=50 T=100 T=200 | T=50 T=100 T=200

Bias
bias 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
plug-in 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
DGP 1 WB 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
alpha=0
homo, homo Coverage rate
oLs 95.0 94.8 95.0 94.2 95.3 94.9 94.6 95.1 94.6
plug-in 92.8 92.1 92.3 92.8 94.1 93.8 93.8 94.6 93.8
True factor 95.1 94.6 95.2 94.4 95.1 94.9 94.5 95.4 94.4
WB 97.3 96.3 96.0 96.0 95.8 95.1 96.0 95.5 94.8
Bias
bias -0.17 -0.14 -0.12 -0.11 -0.08 -0.07 -0.09 -0.06 -0.04
plug-in -0.09 -0.09 -0.10 -0.05 -0.05 -0.05 -0.03 -0.03 -0.03
DGP 2 WB -0.12 -0.10 -0.10 -0.09 -0.07 -0.06 -0.07 -0.05 -0.04
alpha=1
homo, homo Coverage rate
oLs 715 65.2 52.0 84.6 84.2 80.3 89.1 90.1 89.0
plug-in 84.4 85.8 86.4 88.8 91.2 91.9 90.6 92.6 92.5
True factor 95.1 94.6 95.2 94.4 95.1 94.9 94.5 95.4 94.4
WB 92.2 90.9 90.4 93.4 94.0 94.0 94.1 94.9 94.2

Each part of the table reports estimates of the bias in the estimation of a and the associated coverage rate for the OLS estimator, the bias-corrected estimator that
corrects bias by plugging in sample analogues of the quantities in Theorem 3.1, and the wild bootstrap respectively. For reference, we also report coverage rate for the
OLS estimator that uses the true factors instead of factors estimated by principal components. All results are based on 5000 replications and B=399 bootstraps.



DGP 3
alpha=1

hetero, homo

DGP 4
alpha=1
hetero, hetero

DGP 5
alpha=1
hetero, AR+hetero

DGP 6
alpha=1

hetero, CS+homo

bias
plug-in
WB

bias
plug-in
WB

bias
plug-in
WB

bias
plug-in
WB

Table 2. Bias in estimation of alpha - More general cases

N =50 N =100 N =200
T=50 T=100 T=200 T=50 T=100 T=200 T=50 T=100 T=200
-0.17 -0.14 -0.13 -0.12 -0.09 -0.07 -0.09 -0.06 -0.04
-0.09 -0.09 -0.10 -0.05 -0.05 -0.05 -0.03 -0.03 -0.03
-0.12 -0.10 -0.10 -0.09 -0.07 -0.06 -0.07 -0.05 -0.04
-0.19 -0.15 -0.14 -0.12 -0.10 -0.08 -0.10 -0.06 -0.05
-0.10 -0.10 -0.10 -0.05 -0.06 -0.06 -0.03 -0.03 -0.03
-0.13 -0.12 -0.11 -0.10 -0.08 -0.07 -0.08 -0.06 -0.04
-0.20 -0.16 -0.14 -0.14 -0.10 -0.08 -0.10 -0.07 -0.05
-0.09 -0.10 -0.10 -0.05 -0.06 -0.06 -0.03 -0.03 -0.03
-0.12 -0.12 -0.11 -0.09 -0.08 -0.07 -0.07 -0.06 -0.04
-0.14 -0.12 -0.12 -0.08 -0.07 -0.07 -0.05 -0.04 -0.03
-0.07 -0.07 -0.07 -0.04 -0.04 -0.04 -0.02 -0.02 -0.02
-0.05 -0.05 -0.04 -0.04 -0.03 -0.03 -0.03 -0.02 -0.02

The table reports estimates of the bias in the estimation of a for the OLS estimator, the bias-corrected estimator that corrects bias by plugging in sample

analogues of the quantities in Theorem 3.1, and the wild bootstrap respectively. All results are based on 5000 replications and B=399 bootstraps.



DGP 3
alpha=1

hetero, homo

DGP 4
alpha=1

hetero, hetero

DGP5
alpha=1

hetero, AR + hetero

DGP 6
alpha=1

hetero, CS + homo

OLS
plug-in

True factor

WB

OLS
plug-in

True factor

WB

OLS
plug-in

True factor

WB

OLS
plug-in

True factor

WB

Table 3: Coverage rate of 95% Cls for delta - More general cases

N =50 N =100 N =200
T=50 T=100 T=200 T=50 T=100 T=200 T=50 T=100 T=200
60.3 57.2 46.5 75.1 78.2 75.7 814 86.1 87.8
77.3 81.5 84.7 81.3 87.7 89.1 85.2 89.5 91.7
91.0 92.3 93.9 90.8 934 93.1 90.7 93.2 94.1
91.4 91.8 92.3 91.9 93.9 93.1 934 94.1 94.7
56.2 52.9 39.8 72.3 75.5 72.8 80.4 85.4 86.4
75.8 80.2 82.6 80.8 86.2 89.4 84.1 88.9 91.5
90.6 92.6 94.2 90.3 934 94.4 90.6 92.8 94.1
91.7 92.3 91.9 92.3 93.5 93.8 92.9 94.1 94.6
50.5 50.0 394 69.6 74.3 71.8 77.8 84.2 86.0
70.4 78.1 81.8 78.4 86.1 88.2 82.5 88.6 91.6
91.0 92.3 93.9 90.8 934 93.1 90.7 93.2 94.1
88.6 91.0 92.0 90.2 93.2 92.7 92.3 93.6 94.3
70.6 64.8 53.1 81.5 83.2 80.2 87.1 89.1 90.1
80.1 81.2 80.2 84.7 88.8 88.7 88.3 90.8 924
91.0 92.3 93.9 90.8 934 93.1 90.7 93.2 94.1
83.0 78.9 70.8 88.2 89.0 85.6 92.2 92.4 92.2

Each part of the table reports estimates of the bias in the estimation of a and the associated coverage rate for the OLS estimator, the bias-corrected
estimator that corrects bias by plugging in sample analogues of the quantities in Theorem 3.1, and the wild bootstrap respectively. For reference, we also
report coverage rate for the OLS estimator that uses the true factors instead of factors estimated by principal components. All results are based on 5000

replications and B=399 bootstraps.



