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Abstract

Generalizations of the point-optimal panel unit root tests of Moon,
Perron, and Phillips (2007; MPP) are developed to cover cases of serially
correlated errors. The resulting statistics involve two modifications rela-
tive to those in MPP: (i) the error variance is replaced by the long-run
variance; (ii) centering of the statistic is adjusted to correct for second-
order bias effects induced by the correlation between the error and lagged
dependent variable.
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1 Introduction

There has been much recent interest in testing for the presence of stochastic
trends in large panels (e.g., see Breitung and Pesaran (2008) and Breitung and
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Westerlund (2011)). A prototypical model consists of a deterministic trend
component d;; and an (unobserved) stochastic component component y;; for
some observable panel observations z;; for individual ¢ = 1,...,n in period t =
1,...,T satisfying

Zig = dit + Yit, (1)
Yit =  PiYit—1 T Uit,

where u;; is an error term that has zero mean and is stationary over time and
yio = 0 for simplicity. Dynamic panel models with incidental trend components
of this type arise in many applications in microeconometrics, multi-country
growth studies, and international finance. Empirical interest often centers on the
individual dynamics and whether there is commonality and persistence across
individuals, i.e. that the autoregressive parameters p, are all unity, or whether
such commonality occurs for certain subgroups of individuals.

Moon, Perron, and Phillips (2007, MPP thereafter) developed tests that are
point optimal against a specific alternative hypothesis. MPP adopted a local-
alternative setup, specifying the autoregressive parameter as lying in a local
vicinity of unity whose width narrows as the sample size increases according to
the form

0;
p;=1- T for some constant x > 0, (2)

where 6; is a sequence of iid random variables and « is a parameter defining the
width of the vicinity as n — co. The null hypothesis of interest is then

Hp: 6, =0 as. (i.e.,p; = 1) for all 4, (3)
with the alternative
Hy : 6; #0 (i.e., p; # 1) for some i’s. (4)

The MPP tests are point optimal in the sense of giving highest power against
a specific set of 07s. These tests were derived under the assumption that the error
term u;; is independent across individual units and over time.

Independence assumptions are not realistic in many empirical applications
and the current work extends the MPP tests by allowing for serially correlated
errors u;;. Section 6.4 (p. 436) of MPP briefly mentioned this extension. Here
we provide explicit test statistics that have optimal asymptotic properties. The
modified tests replace estimated variances of the errors in MPP with estimated
long-run variances and adjust centering terms. Our main purpose is to provide
the form of the modified tests and give their asymptotic properties so that they
may be used in empirical work.

The paper is organized as follows. Section 2 shows how to construct the
tests, gives results for cases with no fixed effects, fixed effects and incidental
trends, and discusses implementation. Section 3 reports some simulations find-
ings, Section 4 concludes, and the Appendix provides technical derivations and
supporting lemmas.



2 Tests under Serial Correlation

Following MPP, the analysis below considers three deterministic trend cases:
(i) no individual effects, that is, d;y = 0 and z;; = y;; (i) fixed effects, i.e.,
dit = bp;; and (iii) heterogenous or incidental linear trends, i.e., diy = b;jp +
bi1 (t — 1). In each case, we proceed in three steps. We first define the likelihood
ratio (LR) statistic under Gaussianity, which is known to be optimal by the
Neyman-Pearson lemma when the null and alternative hypotheses are simple.
We then show that this statistic can be approximated by a simpler version with
parameters that are consistently estimable. We finally derive the asymptotic
distribution of this approximation (with appropriate recentering). In all three
cases, this asymptotic distribution coincides with the one in MPP.

Our notation is similar to MPP. Denote by Z, D, Y, Y_, and U the (n x T)
observation matrices whose (i,t)th elements are z;, dit, Yit, Yit—1, and u;z, re-
spectively. Define the T— vectors G = (1,....,1)", Gy = (0,1,...,T — 1), set
G = (Go,G1) = (91, .-, g7)", where g; = (1,t — 1)'. Define B, = (bo1, ..., bon)
By = (bi1,.....,b1p), and B = (By,8,) = (b1,...,b,)", where b; = (bo;, br;) . Let
Z;,Y;, Y 4, and U; denote the transpose of the ith row of Z,Y, Y_1, and U,
respectively. With this notation, the model has the matrix form

Z=D+Y, Y=pY_ 14U,

where p = diag (p1, -, py,) -

Define af, wf, and \; as the variance of u;;, the long-run variance of w;
and the one-sided long-run variance of wu;, respectively, so that w? = o7 +
2);. Let X, Q, and A be the diagonal matrices with elements 02, w?, and A,
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respectively. Define Q,; = F (QiQ;) , the (T x T') covariance matrix of U, and
Q, = diag (Qy.1, ..., Qun), the (nT x nT') covariance matrix of vec (U’). As in
MPP, we assume that the errors u;; are cross section independent over i.

We assume that the localizing coefficient 6; in the local alternative (2) is a
sequence of i4d random variables with bounded support.! Let Mo =FE (Hf) ,

pe, = 1 — %=, and define the quasi-difference operator

1 0 0 0
_pci ]'
(T'xT)
: —Pe, 1 0
.| 0 0 —pe, 1]

Set C = diag (¢1,...,cn) and A¢ = diag (A, ..., A¢,) -

1 As mentioned in MPP, the assumption of a bounded support for €; is made for convenience,
and could be relaxed at the cost of stronger moment conditions. It is also convenient to assume
that the 6; are identically distributed, and this assumption could be relaxed as long as cross
sectional averages of the moments 6; have well defined limits.



The quasi log-likelihood function of the panel Z that we use in defining the
likelihood ratio test statistic has the form

Lnr (C,D,B) = f% (vec(Z' — D")) ALBAc (vec(Z' — D)),

for some weight matrix B.
Through the paper we will assume panel linear process errors with conditions
similar to those in the literature (e.g., Phillips and Moon, 1999).

Condition 1 (a) Assume u; = Z;io CijVit—j, where vy ~ itd with E (vy) =0
and E |vi|¥T < 0o for some € > 0. Let ¢; = sup; |¢ij| . (b) Assume dised™e <
oo for some m > 1 Let fi(\) be the spectral density of ui. Let v; (k) =

ST exp (ik) £ (A) dX, v (k) = sup; |y; ()], 6; (k) = [7_exp (ik) (472 f; (N)) " dA,
¢ (k) = sup; |¢; (k)| (c) Assume v (k),¢ (k) < Mk=® and for s > 2 and some
constant M.

2.1 No Fixed Effect: d; =0
When d;; = 0, the model becomes

Z=Y,Y =pY_,+U.

Following MPP, in this case we consider local neighborhoods of unity that shrink
at the rate of ﬁ, so that the rate coefficient x = 1/2, and one-sided alterna-
tives in which the support of 6, is a bounded interval [0, My] for some My > 0
so that p; < 1 under this alternative. In terms of the first moment of 6, the

hypotheses about p, are as follows:

Ho : pg1 =0, (5)

and
Hl : ,u@,l > 0. (6)

Suppose that u;; are Gaussian so that vec (U’) ~ N (0,Q,) with known €,
and the initial conditions y;o are all zeros. By the Neyman-Pearson lemma,
rejecting a small value of the log-likelihood ratio test statistic

—2L,7 (C,0,95") 4 2L,7 (0,0,0;7) (7)

would be the uniformly most powerful test for the null p, =1 for i =1,...,n
against the simple alternative p, = 1— nf/g fori = 1,...,n. When the alternative
is (4) with (6), this becomes a point optimal test.

In order to implement the optimal test statistic (7), one needs an estimate
of the entire (nT x nT') covariance matrix €2,. This is a huge high dimensional
covariance estimation problem in a nonparametric set-up. The following theo-
rem provides an approximation of the likelihood ratio test statistic in (7) with

a statistic where the unknown nuisance parameters are consistently estimable.




Theorem 2 Assume Condition 1 with vec (U') ~ N (0,9Q,). Assume that 7= —

0 as n, T — oo. Then, for p; =1 — nﬂ/—gT, we have

—2L,7 (C,0,Q,") + 2L, (0,0,Q;, 1)

_ _ 2 _
= —2L,r (C,0,Q ' ®Ir) +2L,7 (0,0,Q7 ' ® Ir) — mz;m YAl + o0, (1).

Notice that the approximate likelihood ratio statistic

2
— —_I'CQ AL, (8)

—2Lyr (C,0,Q7 @ Ir) + 2Lnr (0,0,27" @ I1) = —51;,

in Theorem 2 employs the Gaussian log-likelihood based on the long-run vari-
ance Q® I with an adjustment of the one-sided long run variance n12/2 I! CQ™1AL,.
The one-sided long run drift correction appears due to the correlation between
the stationary error u;; and the lagged dependent variable z;;—1 = y;;—1. The
main agsemqoe of this formulation is thatAt involves quantities (€2 and A) that
d estimated consistently. {

The tese=Statistic we propose is to use the approximated log likelihood ratio
(8) with appropriate centering. Define

1 2
Vor (C) = —=2L,7r (C,0,Q7' ® I7)4+2L,7 (0,0,Q7' ® IT)—§MC72—EIQLCQ‘1AZ“,

ln = (1,...,1) is the sum vector and fi., = E ().

K3

Theorem 3 Let Condition 1 hold and % — 0 as n,T — oo. Then, under the

local alternative p; =1 — we have

Vor (C) = N (—E (ci6;) ,2/1072) ,
where p, o = E (c}) .
Remarks

1. One can interpret the test statistic V;,r (C) as an asymptotic version of
the point optimal test for panel unit roots with possible serial correlation
of unknown form in the error term.

2. Compared to the corresponding statistic in MPP which makes no al-
lowance for serial correlation, there are two differences in V,,r (C). First,
as discussed in MPP, we use an estimate of the long-run covariance matrix
Q ® Ir instead of an estimate of the variance matrix ¥ ® I as the weight
matrix. In addition, we recenter the statistic by subtracting the term
%ZLL(CQ*IAZ”, which corrects for the correlation between the stationary
error u;; and the lagged dependent variable z;;—1 = y;+—1. This term is
not required for the test under temporal independence.

3. The limit distribution of V,,7 (C) is the same limit as in MPP (Theorem
6).



2.2 Time Invariant Fixed Effects: d;; = by

In this section we consider the case where the incidental trends d;; = bg; are
fixed over time. This corresponds to the standard fixed effects model. In this
case, the model has matrix form

Z=B,Gy+Y, Y =pY_1+U.

As before, suppose that vec (U’) ~ N (0,€,) with known €, and the initial
conditions y;o are all zeros. Then, rejecting a small value of the test statistic,

i n%anT (C,BOGg,le)—néinLnT (0,80G6, 2,1 | (9)

0 0
for the null p; = 1 for ¢ = 1,...,n and the alternative p;, = 1 — %= for
i = 1,...,n, is known as the umformly most powerful invariant test that is

invariant with respect to the transformation Z — Z + B3Gj, for arbitrary 3.
Against the alternative in (4), this becomes a point optimal invariant test (e.g.,
Dufour and King(1991)).

As mentioned in the previous section, this statistic is difficult to implement
due to the presence of €, the full (nT x nT) covariance matrix of the error.
This again motivates the use of an approximation.

Theorem 4 Assume Condition 1 wz'th vec(U') ~ N (0,Q,) and let mtm — 0

as n,T — oo. Then, for p, =1— we have

n1/2T7
-2 [nﬁnn Lot (C, ByGp, 1) — r%in Lyt (0, 80Gy, Qul)]
0 0
- 2 [ném Lar (C, ByGo, ' @ Ir) — nﬁnn Lor (0, 8,Gh, 7' ® IT)}
0 0

2
17/2Z;I(CQ 1Aln + Op (1) .

Remarks

1. This approximation is derived under the stronger rate condition T w7z — 0
as n,T — oo in place of the condition % — 0 as n,T — oo that is used

T
without fixed effects.

2. The approximation involves the same correction for second-order bias as
in the case without fixed effects.

Again, the test statistic we propose is the approximate log likelihood ratio
(8) with appropriate centering. Define

Var,fe1 (C) = =2 Hﬁlin Lt (C, ByG, 0O le Ir) — r%in L1 (0, 8,Gy, 0O le I7)

1 / 1
he2 — fznm Al,,.



Theorem 5 Assume Condition 1 holds and let 7z — 0 as n,T — oo. Then,
"19/7"27,, we have

VnT,fel (C) =N (_E (6191) ) 2“5,2) )

under the local alternative p; =1 —

where p. o = FE (022) .

This asymptotic distribution is the same as without fixed effects and as in
MPP (Theorem 9).

2.3 Incidental Trends: d;; = b;g + b1t

Under heterogeneous linear trends we follow MPP and use local neighborhoods
of unity that shrink at the slower rate of ﬁ, so that the rate coefficient is
k = 1/4. The alternative may be two-sided, i.e. 0; ~ iid with mean p, and
variance o3, with a support that is a subset of a bounded interval [— Mg, M),
where Mg, M9 > 0. The slower rate of shrinkage in the local neighborhoods
of unity is the result of the presence of heterogeneous trend effects in the panel.
The presence of these incidental trends reduces discriminatory power in testing
for the presence of common stochastic trends, so wider localizing intervals are
needed to attain non trivial power functions.

Under these conditions, hypotheses (3) and (4) can be re-expressed as
Ho : pg o =0, (10)

and
Hl Z,LL972 > 0 (11)

Again, suppose that vec(U’) ~ N (0,€,) with known 2, and the initial
conditions y;o are all zeros. Then, similar to the case of time invariant fixed
effects, rejecting a small value of the test statistic,

-2 mﬁin L.r (C,BG, Q1) — mﬁin Lo (0,8G, Q.1 |,
for the null p; = 1 for ¢ = 1,...,n and the alternative p; = 1 — —%= for
i =1,...,n, is known as the uniformly most powerful invariant test (with respect
to the linear transformation Z — Z + *G’ for arbitrary 8*), and against the
alternative in (4) , it becomes a point optimal invariant test. As before, we start
by proving the validity of an approximation to this log-likelihood ratio.

Theorem 6 Assume Condition 1 with vec(U') ~ N (0,9Q,) and let =iz — 0

as n,T — oo. Then, for p; =1— nﬂ—QT, we have
-2 {mgnLnT (C,BG", Q") — mﬁanT (0,8G", Qul)}
~ {mﬁm Lz (€,6G,07 © Ir) ~ min Luz (0,06, 07 IT)}

2 _



Remarks

1. This approximation is derived under the condition =tz — 0 asn,T — oo,
which is a stronger rate condition than that used for the intercepts case.

2. As before, the correction is due to the presence of a second-order bias term
arising from the correlation between the lagged dependent variables and
the error term.

Again we propose is to use the approximate log likelihood ratio with appro-
priate centering as a test statistic. Define

Vit fe2 (C) = =2 {manT (c, ﬁG’,Q*@IT) —mﬁinLnT (0,8G", Q' ® Ir)
Mz;m IS, + 1/2 (1.c, )wm+ (I1,C*,) wpar,
where
T 2
1 t 2 t 1
o = x5+ 23(5) ~ 5
t=1 t=1
T T 2
1 ts . t s 21 t 1
pT = 7 ) ) g min (T’T) _BTZ(T> Ty
t=1 s=1 t=1

Theorem 7 Assume Condition 1 holds and let % — 0 as n,T — oo. Then,

under the local alternative p; =1 — nle/—ilT, we have

1 1
Vir.jea (€) = N (—%E(cgef) LB ))

As before, Vieo nr (C) reduces to the statistic from MPP when there is no
serial correlation, and it has the same asymptotic distribution as in Theorem
13 of MPP.

2.4 Implementation of the tests

The test statistics V7 (C), Vir, fe1 (C), and Var Je2 (C) depend on unknown
parameters {02} {w2} and {\;}. Let 62 . and A; be consistent estimators
of 0?2, w?, and )\Z, respectlvely Slmllarly deﬁne the diagonal matrices of these
elements as 3, 0, and A. To implement these tests, one may replace X, {2, and
Ain V,r (C), VnT,fel (C), and Vy1, fe2 (C) with E Q7 and A, and we denote the
test statistics as Vi, ©)), VnT7f61 (C), and Vor fe2 (C) . We assume the following
regarding these estimators.

. 2
Condition 8 sup, (6? — af)Q =0 (%) ,sup; B (d)f = w?)2 =0 (%) , andsup; E ()\12 — Af) =

o (%) under the local alternative.



Remarks

1. An example of c}? that satisfies Condition 8 is the time series sample
variance of Az;; :

2. When kernel spectral density estimation is used for &F and 5\12 with band-
width h, Condition 8 is satisfied if: (i) the kernel function K (-) : R — [0, 1]
is continuous at zero and all but a finite number of other points, sat-
isfying K (0) = 1, K (z) = K (—z), ffoooK(ac)2 dr < M, and K, =
lim, o [1 — K (z) /|z]?] < oo for some 0 < ¢ < m, where parameter m is
defined in Condition 1(b); and (ii) the bandwidth h satisfies

nh n

?—Fm :O(l) (12)

as 7+ — 0 and h — oo. (e.g., See Moon and Perron (2004)). If & = o (T7¢)
for some 0 < a < 1 and ¢ > § (1=2), then the bandwidth condition (12)
is satisfied if

T%(l—a) 5 h S /Iva7

that is,

Theorem 9 Under Conditions 1 and 8, as n,T — oo with 7= — oo, we have

Vor (C) = Var (C)+0p, (1), Var e1 (C) = Vaur fe1 (C)+0y (1), and Vaur, fe2 (C) =
Vor,re2 (C) + 0, (1) under the local alternative.

3 Monte Carlo Simulations

This section reports the results of a small Monte Carlo experiment designed
to assess the finite-sample properties of the tests presented above. For this
purpose, we use the same DGP as MPP but employ either an AR1) or MA(1)
process for the innovations so that the generating model has the following form:

zit = boi + bt + Y,
Yit =  PiYit—1 + Ui,

where the innovations follow either and AR(1) process:

Uit = YUitt—1 T Eit
ew ~ did N (0,07 (1—177))



or an MA(1) process

Ug = QPEit—1 + €4t

1
giw ~ HidN (o,a§ <2>> .
14+

In both cases, we allow for heterogeneity and draw the idiosyncratic variance
o? from a uniform distribution, 0? ~ U [0.5,1.5]. This variance is scaled such
that the scale of u;; is the same for all cases.

In both the incidental intercepts case (b1; = 0) and incidental trends case
(b1; # 0), the parameters are drawn from #idN (0, 1) . We focus the study on the
size of the ¢ ™1 point-optimal test with ¢; = 1 for all ¢, as MPP advocated
that choice? plies that we set p; = 1 for all ¢,which corresponds to §; =0
for all ¢ in our local-to-unity framework. We take three values for n (10, 25,
and 100) and two values of T' (100 and 250). All tests are conducted at the 5%
significance level, and the number of replications is set at 10,000.

Estimation of the long-run variance and one-sided long run variance is crit-
ical to the performance of the test. In all cases, we estimate these quantities
using a non-parametric estimator with quadratic spectral kernel and bandwidth
selected in a data-based manner using the Andrews (1991) rule with prewhiten-
ing. Because estimation of long-run variances is difficult (especially in cases
with negative moving average components), we also report results that use the
unknown population values of w’s (but still estimate o? from the data).

The results are reported in table 1. The table is divided in two panels. The
top panel reports the results for the incidental intercepts case, while the bottom
panel shows the results for the incidental trends case. Each cell has two entries:
the top entry reports rejections rates with estimated long-run variances, while
the bottom entry reports the rejection rates with population long-run variance.

With estimated long-run variances, size is well-controlled in most cases. In
fact, if anything, the test is generally conservative. The notable exception is in
the presence of moving average components. In those cases, size is well controlled
if we substitute the population long-run variances. Thus, the size distortions
that are noticed can be attributed to the estimation of these parameters. It can
also be noted that distortions get worse in the incidental trends case and as N
increases.

4 Conclusion

This paper develops generalizations of the point-optimal panel unit root tests
of Moon, Perron, and Phillips (2007) to cover the case where the error term
is serially correlated. The resulting statistics have two simple modifications
relative to those in MPP. First, the variance of the errors is replaced by the long-
run variance. Second, the centering of the statistic is adjusted to accommodate
the second-order bias induced by the correlation between the error and lagged
values of the dependent variable. Simulations show that these two adjustments
lead to appropriately sized tests in most cases.

10
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Another approach to dealing with serial dependence is to use the trend likeli-

hood approach of Phillips (2011), which produces an alternative approximation
for the implied likelihood based on a sieve approximation to the nonstationary
components using an orthogonal series of trend basis functions. The idea of the
trend likelihood approach is to project the observations on the sieve space and
construct the likelihood and likelihood ratio statistic for the transformed obser-
vations using series based estimates of the long run variances (Phillips, 2005).
This approach will be explored in later work.
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Appendix

The appendix consists of three sections. In the first section we provide
proofs of Theorems 2, 4, and 6 that approximate the Gaussian log-likelihood
ratio statistic. In the second section we provide sketches of the proofs of the
limit distribution results in Theorems 3, 5, and 7. In the third section, we pro-
vide a heuristic proof of Theorem 9. We only provide sketches of the proofs in
the last two sections because the details are similar to those of the correspond-
ing theorems in MPP and can be established with only minor modifications.
Throughout the appendix, M denotes a generic (finite) constant.

5 Proofs of the Approximations in Theorems 2,
4, and 6

5.1 Proof of Theorem 2

Here x = 1/2. Assume Condition 1 and 7% — 0. Since AY; = _nijTZ—Li +U,,
we can write

—2L,7 (C,0,Q,") +2L,7 (0,0,Q; 1)

n

= Z {(Ayi + %X—u)lﬂﬁ (Axi + %X—Li) - (Axi)/Q;i (AY,)

i=1
= TL”TZQY/ lz 1AY + s 2 T2 ZCQY/ 1,2 qu 1,2° (13)
Write
/ 1A 1 - 2 / _1A
n~T ZC;Y 1,i u i Y = E C; Txfl,igu,i Zi
=1
I 2Y’ 1,;AY; f
2 ~ C; 2 n
=7 ) VLAY - — Zq me (14)
i=1 % i=1
where
1Y ,AY, A
i =2¢ | =Y QIAY, — — A
st & 1,i%%u,q i T w? UJ?] )
and
1 . 2/ ~1 1 <&
n2r2 Z GY Y = QRTQ Z ) S nT,.i Z Nairs (15)
=1 i=1

12



where
N2iT = <T2 Y/ 1 197:12 14 QTQX/ 1 ZX 1 z> .

In the following subsections we show that under Condition 1, as % — 0,

1 n

mznmr = o0p(1) (16)
i=1

1 n

WZ%Z‘T = op(1). (17)
i=1

Then, by (13) — (17) with x = 1/2, we deduce that

—2Lyr ((C 0,9,") + 2Ly (o 0, Q*l)
Ci C;
= nl/QT Z YI 1. ’LAY + T2 Z Y/ 1 17 1 _ 1/2 ZCZ 2 + Op

= —2L0,7(C,0,Q® Ir)+2L,7 (0,0,Q ® I7) — fl;l(CQ YAl + 0, (1),

as required. W

5.2 Proof of Theorem 4

Here k = 1/2. Assume Condition 1 and — 0. By definition, we have

T1/2

-2 {n&in Lot (C, B80Gp, 1) — néin L7 (0, B,Gp, 1)
0 0

=S (AeY,) Q53 (AnY,) — (AY,) Qg3 (AY,)
> | | HINS)

c; )(( CIGU) uz( cLGO)) (ACiGO)/Q’;j (Acl-xi)

(ALY,) Q.5 (A
AY) 2,1 (AGo) ((AGo)' 9} (AGo)) ™ (AGo) 0} (AY,)

—Z

By (14),(15),(16), and (17) we can approximate the first term as

(ALY, Q.4 (ALY,) — (AY,) Q) (AY)]

i

I

i=1

1
2

I

w2 [(ACZY ) (AC'LX’L) - (AZz) ( n1/2 ZC’L + 01’

=1

13



Then, the required result for the theorem follows since

n

3 (A0 X)) 07 (20, Go) (8, G) 07 (5, Go) ™ (8, Go) 07 (B Y)
- Z % (AnY,) (Ae,Go) (Ae,Go) (Ae,Go)) ™ (A, Go) (AnY,)
= Op(l) (18)

for any ¢; such that sup; |¢;| < M for some constant M. The proof of (18) is
available in the following subsection.

5.3 Proof of Theorem 6

Here r = 1/4. Assume Condition 1 and =7z — 0. By definition, we have
L [mﬁinLnT (C.8G, ) = min Lur (0,66,;)

Z [(AcY,) Qo (AeYs) — (AY,) Q5 (AY)]

_ E”: (AY) Q7 (ALG) (AnG) 271 (AL G) T (A,G) Q71 (ALY)
= —(AY,) 9,1 (AG) ((AG) 9,1 (AG) ' (AG) ;1 (AY,)

By (14),(15),(16), and (17), we can approximate the first term as

DALY Q1 (ALY, — (AY,) Q,; (AY)]

(A (B.X) - (AY) (AY)] - ==Y als +0, (1)

=30 (ALY (8G) (8u6) (8,6) " (AuG) (ALY)

— 0,(1) (19)

for any ¢; such that sup, |¢;| < M for some constant M. Then, we have

>

(DY) Q5 (ALG) (A6 G) Q1 (ALG)) ™ (AciG)’Q,;}i (AnY,)
HINSRY T (AG) (AG) 9 1(AG) 1 (AG) 0} (AY)

SR RT o ACG>(ACG’ACiG>>_j<AqG>’<A@L> o, (1).
— wi — (AY,) (AG) ((AG) (AG)) ™ (AG) (AY,) :

14



Combining these expressions gives the required result

u u

i [mﬁinLnT (C.667,07") — min Lur (0,66 Q_l)}
= -2 {mﬁm Lot (C, G, Q7' @ Ir) — min Lz (0,8G¢". Q7' ® IT)}

—%z;m—wn +o0,(1). 1

5.4 Supplementary Results
5.4.1 A Useful Lemma

Before we start the proof of (16) and (17) , we introduce a useful technical result.
When A is a matrix, we use three different norms, |[All, = Amax (A’A)l/Q,
where Apax (+) denotes the maximum eigenvalue, ||Al| = tr (A’A)l/2 ,and |A| =

>ijlaij|, where a;; is the (i,7)"™ element of A. It is well known that
[All, < [|A]l < |A].

By definition, the covariance matrix of U, is Q,,; = [v; (t — s)], , . Let A4; be

the (T x T) matrix whose (£, s) element a; ;4 is pi=*~*

; ,if t > s, and zero, if
t < s. Let

R =wi,}” —wital/?. (20)

Lemma 10 Assume Condition 1. Then sup;, ﬁ |R:A;|| < M for some con-
stant M.

Proof. For the desired result, we show
LRAE < M
sup — i1 <~ .
T
By definition,

1 1 1

< Moup|ir (4] (i —?) A) i (A () — %) A)

+ M sup
i

= M{I+1II), say,

where the inequality holds since 0 < inf; w? < sup, w? < co under Condition 1
and by the triangle inequality.

15



First we show that I = O (1). Define

kT—k

1 r 0, 0, 2s-1) sy p_
anri(B) = D D Giestieiis = (1 - n~T> 2 <1 - n”T) (

s=1

t
T—k ) 2(s—1) o
d (k) = 1 0; t—k—s
n,T,i - nsT T
— S

T 2(s—1)
0; t—k
i = S(-0) ()

s=1
T 2 7 2(s—1)
1 91 t—s
n,T,i = 7 i,t,8 = 1-— .
an,T,i (0) T <;a ) ) ;( an) ( T )
By adding and subtracting the terms and the triangle inequality, we can bound
1
I = sup ftr (A; (Qu,i — wzz) Ai)
2
< L+ 1+ I3+ 1y,
where
T—1
L = sup2|> v (k) (an7i (k) —ap, 7, (K))
¢ k=1
T-1
I, = sup2 v; (k) (ay, 13 (k) — ay, 1 (K))
v k=1
T—1
I = sup2 v; (k) (a)) 7 (k) — an,1,i (0))
' k=1
Iy = sup2ia,T,(0) Z v, (k).
’ k=T

STE (1= 22)*0 7Y (=) | < M and

For term I, note that since sup;

Sl

16

k
T
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sup; |0;| < M, we have

|(an,T,i (k) — a;z,T,i (k))|
0

= 7TI(1= v k_l ljic 0; 2s=1) t—k—s
B nsT T & neT T
< MT|(1- —1|=MT
< (1= ) () ()
k k j—1

1 (10i|k 10i| k 1 (16l k\’
< MT — =MT —
- ;j! <n”T> n~T ;j! neT

AN
3=
—
_|_
M2
| —
—
SN
~
.
|
=
| =
g
3
/‘-\
~_

where the second inequality uses ( ) < k— , the last inequality uses sup; |0;| < M

and % < 1, and the equality uses the Taylor representatoin of the exponential
function. Then,

For term I, notice that

|(a:z,T,i (k) — a%,T,i (k’))|

1 T 04 2(s-1)

< QTT 3 (1+H;T>
s=T—k+1
<2|9 |r>

<

1,,
_ Tle‘exp< ){1—exp< Jf;'%)} for §; # 0

Qk fOI‘ 01:0

S Mk?

where the first inequality holds since #; > 0 and |’5_1€T_s‘ < 2 and the last
inequality holds by the mean-value theorem and sup, |6;| < M. Then,

T-1 T-1
Iy=sup2 | v (k) (a7 (k) —ay s (k)| < MY (k) k=0(1)
b lk=1 k=1

17



For term I3, we have

T-1
Iy = sup2|Y v, (k) (a1, (k) = an s (0))|
v k=1
T-1 | Z 0, \ 26D
< 2 k) k — 1- = =0(1
< k:1’y() SlzlpTg( n"”"T) (1),

the last line holds since sup;

% ZT (1 - n?fT)Q(Sil)’ < M. Finally, we have

s=1

Iy = sup2

i (003 7 (k)
k=T

T 2(s—1) oo
1 Ql t—s
< — — T k
< sup Ts_l( n"vT) ( T > ];:T’Y( )

A
=
~

g
)
n
=

g
i

x
|
=

where the second inequality holds since sup;

C\2(s—1) s
T e (L—52p) (2] <

M. By combining terms I; — I4, we have the required result

I=0(1).

The proof of IT = O (1) follows in a similar fashion and is omitted. m

5.4.2 Proof of (17)

We prove the required result when 7 — 0 and x = 1/4. Since

2 2
R 1 <& 1 <&
E <n1/2 2”2iT> = <nl/2 2 E (772iT)) + Var (nl/Q 277217>

2
< <n1/2 sup |E (772iT)> + sup Var (1) »
(2 K3
the required result follows if we show
n'/? sup |Eng;p| = o(1) (21)

and
sup Var (nyr) =o(1). (22)

3

For (21), we follow similar arguments used in proving |E (S1)| — 0 on page
831 (in the proof of Lemma A2) of ERS, and have for some constant M

—1y/2 | RiAdl| ny /2
o 12311, \/T) =M (f)

n\1/2 1
n'/? sup |Emgir| < (T) MSHP (w- [[€20i

18



where the second inequality holds since 0 < M; < inf; f; (A) < sup; f; (A) <
M, < oo and by Lemma 10, and the last inequality holds since 7z — 0.

For (22) , we also follow similar arguments to those used in proving |Var (S1)| —
0 on page 831 (in the proof of Lemma A2) of ERS, and have for some constant
M

M
?:0(1).I

1 RA
supVarmm)sTMsup( 6 [l ], 1A )g

5.4.3 Proof of (16)

n

We prove the required result when % — 0 and x = 1/4. By replacing AY,; in
Ny With — 1/4TY 1; tU;, we can decompose 7, as

1
Ny = N3iT — anliTa

where
1Y .U,
—1 = —1,5=
Nar = 26 |=Y1 wili = w?l 1+wél
1 1 1 Xll)‘sz‘
Nur = cifi ﬁzlfl,iﬂu,izfl,i_fg(;? -l
and

1 n 1 n 1 n
nl/4 Z;WMT = i/i Z;U:),iT Y2 22774”.
i= = =

First, similar arguments to those in the proof of (17) lead to

1 n
2 ZU@‘T =0p (1)
i=1

Then, the required result follows if

1 n
Y2y ZﬁsiT =o0p (1)
i=1
which follows if

2
1 n

E (711/4 ZW&'T) =o(1).
i=1

Notice that
1 « ? 1 « ? 1 «
E <nl/4 ; 773iT> = <nl/4 Z; E (7731'T)> + Var <nl/4 Z; 773iT>

2
(n3/4 sup | E (n3;1) > +n'f? sup Var (n3;r) ,

IN

19



By similar arguments to those used for the proof of sup; Var (nyr) = O (7) ,
we can show that

1
n'/? sup Var (M3ir) = n'’20 (T) =o0(1).

For n3/*sup, |E (n3;1)] = 0 (1), we show
1
sup |E (3i7)] = O T)" (23)

Since % — 0, the desired result follows. Since Y _; ; = A;U;, we have

LATU, A
N3ir = 2Ci [ A/UZQuig’L T2 2] :

Since tr (A4;) = 0, we have

17 1 i
E(n?)iT) = QCiT tr (AZ) — ﬁt’f (QU’ZAZ):| +20i72
L i Wi
—2¢; = k >
= 2w <1T>p§—1zw>]
k=1 k=1
—2¢; [ & 1 & >
S o) SUCICEENERS SERCI AR St
i k=1 k=1 k=T+1

= I+1I+1I11, say.

For term I, we can bound

OPIC))

j=1
k— j k— i
_ 11(9( ))] 10:] (k — 1) 11(|ei|<k1>)ﬂ 1
= 4! n*T n~T jzlj! n*T
< M(k_l)kz_:ll M j_1<7M( il el l
- ntT Jl \ nr - 1]

D (o))

Then, for some constant M > 0, we can bound

= 25 911 ) < 0 (e (M) ) S a k= o ()

7k1

20



as required. Next,

M & 1
11| < ?Zm(k) =0 <T> ,
k=1

and
111 < M Y y(k)<M > k™ by Condition (i)
k=T+1 k=T+1
_ 1
< M(T+1) s+1:0(T) since s > 2,

as required. W

5.4.4 More Preliminary Results

In this section K = 1/4 and we assume Condition 1. Define ®; to the (T x T')
matrix whose (r,s)"” element is ¢, (r — s), where ¢, (k) is defined in Condition
1.

Define G = [G’O,G'l} = [Go, G4] (diag (\/T, 1)) . Direct calculations show
that

% 1/2 Ci Ci '
A,Gy = (T P pl/Aai/20 n1/4T1/2) ’
N 1 ¢ t—1 ¢ T—1Y\
A,,Gr = (0 1+ 1/4T L1+ oA T ey L YR > )
2 _
7 (5:6) (2.0) = Uratte e (e et T )
T C; Ci - 1 2 1 T t—1 ¢ t—1 2
T1/2 1/4 + n1/2 T Z t=2"T T Zt 2 ( nl/4 T )
and
1 N/
¢ 1 ? 1 T
o Yi1 + n1/4%1/2 T2 (yiT - yil) + n1/2§“1/2 T3/2 thg Yit—1
= o 1 21 T -1 (24
Ti/3 (yir — yi1) + SIATIE (%‘T - T (yir + yio)) + iz TeE thg T Yit—1
Define

bzll’T»i (k) = ;g [(Aciéj)t (Aciél)tm * (Aciél)t (Aciéj)tﬂj ’

where (), is the t'" element of the vector z and 4,1 = 0, 1.

Lemma 11 (a)sup;, |bnTl k)| < % forallk. (b)sup;, |b}LlTZ( ) — b}le (0)| <
MT for some finite constant M.
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Proof. Part (a): By definition, for k£ = 0,

2 T

sup’bnTZ 0)| :2sgp’; (AciéO)I(Aciél) T1/2 sup n1/4 n1/2 ; < nl/i\él/z.
For k > 1, we have
1= . X - - M
sup ’bn Tz )| = sgp T |:(AciG0)t (ACiGl)t+k + (AciGl)t (ACiGO)tJrk] < T2
t=2

as required. W
Part (b): By definition,

sup |b’}L}T,Z (k) - bn T,i (0)|

1 C; t—1 1 C; t+k*1 1 C; t—1 2
Jrn1/4T T Jr711/4T T B +n1/4T T

IN
o
el
M

<

as required. m
Lemma 12 (a) Suppose that x; and z; are T— vectors such that supzt |zie] is
bounded, where zy is the t' element of z;. Then, sup;, |%x (Qui - )zz‘ =

0 (bup ”LH) (b) sup; ~ HR ( clél)Hz = O (7i73) . where R; is defined in
0).

Proof. Part (a): The proof is similar to that of Lemma Al of ERS and is

omitted. W R
Part (b): We replace A; in the proof of Lemma 10 with (AciGl) . Then,

the required result follows if we show
1
= O —_—
(7)

1
~0(zm).

(b1): sup‘T (ACLG1> (QUl — wf) (Acié1>

(2

(b2): sup ‘7{ (Aciél)/ (Qﬁ - w;2) (Acfh)

)

22



For Part (bl), by definition, we have

w7 (861)' (=) (Aa@)'
T-1

= Sup Z%(k) (bvllsz(k)— nTz <Z% ) n,Tyi (0)
(Z% ) nT1 (0)|-

S sup Vi (k) (bn T, (k) - b}z%Tz

g

+ sup

T-1 1 T-1 1
_pll < - 2 _ -
k_l’y Sup|bnT1 k) bn,T,z (0)| = MT kZlV(k)k ) (T> )

as required. Under Condition 1(iii), the second term is bounded by

= 1
E—® sup|bn N )| <0<> )
as required.

For Part (b2), we have
% (Aciél)/ (20} —wi?) (anGh)
% (8eG) (2} - @) (20G)

By Part (a), we have

(Achl) (2 — @) (Aci(;l)‘ <0 (sgp HATGIH> =0 <T}/2> :

Using similar argument used in the proof of Part (b1), we can bound the second

term by
7 (206) @) (au60) <0 (7).

Combining these, we have the required result for Part (b2). m

sup
i

< sup
i

sup

sup
i

For C = diag (c1y...,cn), we define

1 1 =\’
Ar(©) = = S, (8.6) 2l (ALY, A7 (©) = 773 (AaG) (A.Y)
1 N - . 11 ,
Br(©) = 7(8a6) 2.1 (8G), Bir (€)= 57 (86 (8.,6),
Bir (C) = diag (Bivr (C), Bazir (C)), Bjy (C) = diag (Biyr (C), B3a i (C))
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and we will define By ;1 (C) to the (k, Z)th element of B;r (C) and Ay ;7 (C) to
be the k" element of Ay ;7 (C), where k,l = 1,2. Similarly we define A; i ()
and By (©).
Lemma 13 Under Conditions 1, the following hold.

(a) sup; | Bi2,i7 (C)|, sup; |B>1k2,iT (C)| =0 (ﬁ) :

(b) sup, || Bir (€) = Bir (€|, sup, || Bir (€)= Bir (©)| = 0 ().
(c) sup; || Bir ((C)*1 , sup; || Bir ((C)le < M.

(@) sup; E | Air (C)|*, sup; E | A7 (C)||* < M.

(¢) sup; | Bir,ir (C) — Birir (0)] = O (rzamye) -

(f) sup; {B22¢‘T (©) - B;ZiT (C)| =0 (ﬁ) :

2

(9) sup; E |Azir (C) — A3 ;7 (C)]" = O (77) -
Proof. Part (a): A direct calculation shows that sup; }BTMT (©)| =0 (5i) -
We bound sup; | Bi2,:7 (C)| by

sup [Biz2,7 (C)| = sup
: ,

7

IN
0
=
e}

By Lemma 12(a), we have

1 (8060) (@) - 2) (2.61)

|26 !
sgp =0 sng O<T1/2>'
By Lemma 11 and Condition 1, we have

Laa) (3 L) (a0

K3

sup
i

Finally, the last term is

L (s (3.6

sup
i i

1
= Sl}p }sz,iT ((C)| =0 (1—11/2) )

as required. W
Part (b) is an immediate corollary of Part (a). B
Part (c): First notice that under Condition 1 we have

1 2

0 < M< irilf Bir,ir (C) = HT <Aciék_1>

1

sup; )\max (Qu,i>
2

infi Amin (Qu,z)

1 _
< Byk,ir (C) < sup Byt (C) = HT (Acinfl) <M, < oo,

24




where k = 1, 2. It follows immediately that

- 1 1
. B; —1H < <M
bgp H T ((C) ~ inf; Bll,iT (C) + inf; B22,iT ((C) - ’

as required. Also, the desired result follows since

1( Basir (C)  —Biz,ir (C) >H
det (Bir (C)) \ —Bi2:7 (C)  Bi,7 (C)

sup; || Bir (C)||
infi Bll,iT ((C) inf- BQQ AT ((C) sup; B12,iT ((C)2

sup

o lprtcr|

IN

sup; H +o(
= : < M,
1nfi Bll,iT ((C) ll’lf BQQJT (C) “+ o0 (1)

where the second equality holds by Part (a). B

Part (d): The desired result sup, F || A} (C)]I* < M follows from (24) and
by direct calculation. For the second desired result, notice that E || A7 (C)||* =
E||A1i7 (C)|*4E ||A2.ir (C)|| . First, sup; E || A2ir (C)||* < M since E ||Az.i7 (C)])* <
28|43 41 (C)[* + 2B || A2 (C) = A3 43 (O)]]° < M by sup, B[ 47 (O)]* < M
and by Part (g) which we prove later. Next, by definition,

1 =\ e
Ar (C) = Zip (AciGO) Q,; (A Y)
(Ci — 91) 1 ~ / 1 ~ /
WW (AQGO) u 7Y 1,4 + m (AC1GO> wu, 1Q
= Iz + IIZ, say.

Since Y _; ; = A;U;, where A; is defined above Lemma 10, we have

sup <(—9)2 1 (A GO) AR AQ ] (Aciéo)>

/22 T3
A7
(o] #]) (o122 (ot
7 K2

sup E (I7)

~ 2
Aci GO
T1/2

IN
2

sup
i

Q
N——

and

IN
w0
- 8
o
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Therefore, we have
. 2
sup || A7 ;7 (C)]|” < M,

as required. W
Part (e): Notice that

Bi1,it (C) — Bi1,7 (0)

= 7 (80Go—Go) 0! (8eGo— AGy) — 2 (B0~ AGo) 07} (2G0)

The required result follows since
sup | Bi1,ir (C) — Bi1,ir (0)]

7 (o0 80— aGo[) (s 1021, )+ 7 (suw 8o - aco ] ) (sup 021, ) a6

! 1 1 1 U 1
- T0<nl/2>0(1)+T0<n1/4>0(1)0(T )_0<W),

as required. W
Part (f) follows by Lemma 12b(2). W
Part (g): By definition, we have

IN

Az 7 (C) — A5 i (©

(Ci — 01) 1 ~ / 1 1 1 ~ / 1 1
T4 T3/2 (AC¢Gl> Qi — 2 Y i+ T1/2 (AciGl) Qi — 2 U,

(a0 1 ~\/ —1/2 1 =\ —-1/2
= o ((8aG) B ) 0LPAU + o ((2aGh) R ) 00U,
= I, +1I;, say,

where the second equality holds since Y _; ; = A;U,;, where A; is defined above
Lemma 10, and R; is defined in (20).

(Ci — 61)2 1 - ’ _ B ~
1 1 ~\/ 2 A, 2
it (o (80) ) (sun 5] ) (st ) (samro,)

1
= 0 (n1/2T1/2> J

sup ¥ (II?) = sup %Sl}p% H (Acié1)/Ri

sup E (I7)

IN

and

2
1
~0(717)-

Combining the bounds of sup; E (I?) and sup, E (II?), we have the desired
result for Part (g). m
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5.5 Proof of (18)

The required result follows if we show

Z [Al,iT (C)? Bivir (C) " = Ay ir (0)® Bipir (0)71} = o,(1),
3 [t (€ By (©7 = A ir (07 Bivir 007'] = 0y (1).
i—1

Z {Al,iT (€)? Biir (C©)7h = Ayr (0)? Biiir (0)71}

< Z ’Al,z‘T (C)* (Bll,iT (C)™" = Bi1r (0)_1) ’ + Z ‘Al,iT (C)? = Ay (0)2‘ Bt ).
=1 i=1
The first term is bounded by

- - 1<
n <SI}P Bi1,ir (C) 1) (Sup Bi1,ir (0) 1) sup |Bi1,ir (C) — Biwir (0)) (n Z At (C)2>
3 K3 K3 i=1

1 n3/4

= 100000 (77 ) 0,1 =0, (Fi ) =op (1),

where the first equality holds by Lemma 13(c),(d), and (e) and the last equality

holds since =17z = o0(1). The second term is bounded by

n 1/2 n 1/2
n (711 Z (A1, (C) — Ay ip (0))2> (711 Z (A1, (C) + Ay ir (0))2> SIZ}P Biiar 0)~*

=1 =1
1 n7/8
= nOp (nl/ng/g> Op(1)OQ1) =0, <Tv1/2> =0 (1),

where the first equality holds by Lemma 13(c),(d), and sup; E (A1,;7 (C) — A1 i1 (0))* =
O (=727 ) » and the last equality holds since 7 = 0(1). Combining these two,
we have the required result

n

Z [Al,iT ((C)2 Biisr (€)' - At (0)2 Bt (0)71] =0, (1).

=1

The second required result for Step 2 follows in similar fashion and we omit it.
[ |
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5.6 Proof of (19)

The required result follows, if we show

n

> [Aer (€) Bur (€©) Air (€) = A (0) Bir (07" i (0)

—Z 457 (©) Bl (€)" Air (©) = Air (0)' Bir (0) " Air (0)]

= O (1) )
which will be established by the following three steps.

e Step 1: We show

> [Air (©) Bir (©)7" Air (€) = Air (0) Bir (0) ™" Air (0)]

- (45 (©) Biz (©)7 A1z (©) = A3z (0) Bir (0)* Az (0)]

|4ir (©) Bir (©) " Air (€) = Air (0) Bir (0)™ Air (0)]

[
MS

i=1
n

(412 (©) B (©)7 427 (©) = Aiz (0) Bz (0)™" Az (0)] +0, (1),

i=1
e Step 2: By (18) we have

[Air (€)' Bir (€)™ Air (€) = Aur (0) Bir (00" Az (0)]

I
. 1

K3

|47 (©) Bir (©)" A3 (©) = A3 (0) B (0)™ A3 (0)]

1

[AQ,Z'T (C)? Bagir (C) " — At (C)® Bl ir (C)il}

7

|

i=1

n

= [A2ir (0 Bazar (0 = 4347 (0)° B iz (0] 40, (1)

i=1

e Step 3: We show

n

> [A2ar (€0 Baour (©) ! = 43,0 (€ By (O] = 0, ()
i=1
Z [Az i ( BQQ,z‘T (0)_1 - A;,iT (0)2 B;Q,iT (0)_1} = op(1).
i=1
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Proof of Step 1: Notice that since B (C) is a diagonal matrix,
Z A © (Bir © 7' = Bir (©)7') 4ir (©) = 0.
Then, the required result for Step 1 follows if we show
XH: Ay (C) (BiT (€)' — Bir (C)_1> Air (C) = 0, (1).
i=1

The required result follows since

Zn: Air (C) (BiT (©)~' - Bir ((C)_l) Air (C)

2 (©) (B (©7 (Bir (©) = Bir (©) Bir (€)™ ) Aiz (©)

< i |Air (C))? HBiT (C)%H HBiT (C)ﬂH HBZ-T (C) - Bir (@)H
< n <s1;p‘ Bir (C)—lH) <S3PHB1‘T H> (supHBLT H) (;i”AiT ((C)||2>

= 10000 (4i5)0,0) =0, (717) =0 1),

where the last line holds by Lemma 13(b),(c), and (d) and the condition
0.1

T1/4 -

Proof of Step 3: We show

Z [Az i ( BZQ,iT (C)_l - A;,z’T (C)Q B;Q,iT (C)_l =0, (1).
i=1
The other required result Y ., |:A27Z'T (O)2 Baair (0)71 — A3 r (0)2 B3y it (0)71} =

op (1) follows in similar fashion and we omit the derivation. Notice that

n

> [A2ir (€0 Bazir (€)' = 43,1 (©)° By <<c>‘1}

i=1

n

Z (A27iT (©)* - A5t ((C)z) B i1 (C

i=1

<

29

2.1 ( (32271‘T €)' -

Biir (©)7)




For the first term, we have

5 (Aar (€ = 431 () B (@)‘1|

i=1

IN

n 1/2
Z (Azir (C) + A3 i1 (@)2) sup B i1 ©!

i=1

n 1/2
n(iZ(Az,iT(C) Lﬂ«:)f) (

i=1

S|

n

w0, (717) 0, (001 = 0, () = 0y (1),

where the first equality holds by Lemma 13(c),(d), and (g) and the last equality
holds by the condition =zt — 0. For the second term, notice that

3 [Aar (©9 (Banar (€7~ Bigr (©)7)] ‘

n

> 4340 (©) Bair (©) " (Baz,ir () = Bir (©)) Bio,ir (€)'

i=1

1 — _ _
n (n Z A5 it (C)2> (su_p Bss i1 (C) 1> (SQP B35 i1 (C) 1) sup | Baz,ir (C) — B3y i (©)]
221 1 1

IN

K3

n

= 10,0000 (755 ) =0, () = 1),

where the second equality holds by Lemma 13(c),(d), and (f) and the last equal-
ity holds by the condition =iz — 0. Then, we have all the desired results for
Part (c). &

6 Proofs of the Limit Distribution Results: The-
orems 3, 5, and 7
In this section we provide proofs of Theorems 3, 5, and 7. These proofs are

very similar to the proofs of the corresponding results in MPP and we therefore
provide just an outline of the proofs here.
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6.1 Proof of Theorem 3

Since Ay;; = —nlg/iizTyit—l + uj;, we can write
Vor ((C)
n n 1 T 2 n A
) )
- Sk S| S [ ] - 2 3o
- Y i=1 ¢ t=2 =1
2”@ 1 &2, 2 & N 1
= a7 z_: 2 ;Aynyn 1+ o) - C‘TLQ tz:;yit—l Y] ;c,w—% — gHe
c;0 LI 2 «— i
(3 (3 1
— + - UirlUig 1 — Ci—
TLT2 Z w3 tZQyzf 1 1/2T ; WZQ t:Z2 itYit—1 7’),1/2 ; ng
n
TLT2 Z Zyzt 1 2/1’0 2
— ’L t=2

Direct calculatlon shows that under the assumptions of the theorem, we have
the following joint limits

nT? chaz Yiier —p —E(cibs),

zltl’

1

TQZ Zyvt 1 7 e

ztl

and CLT
2 " C; 1 £l
nl/z Z 2\T Zuityit—l —Ai | = N(0,2u,.5)
i=1 1 t=1

thereby giving the required result. B

6.2 Proof Theorem 5
For the required result of the theorem, it is enough to show that
Viernr (C) = Vor (C) + 0, (1) .
Let boi (ci) = (De,GpAe,Go) ™ (A, Gy, Z,) . Then Z; — Goboi (i) = Y, —

Go (?)ol‘ (¢;) — b0¢) , and we can rewrite Vye1 1 (C) as

Viernr (C)
_ i 1 (Aclfz A¢,Go (bm (ci) — bm))/ (AciL- —Ag,Go (502‘ (ci) — bm))
i - (AXi - AGy (bm (i) — boq‘,))l (AXi - AGy (301‘ (ci) — bm‘))

n1/2 Z 7”@2

- VnT ((C) + erll,nT ((C) 5
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where

; 5 1 (AY]AG) (AGHAGo) ™ (AGHAY,)
fe11,nt (C) = A y’ACZGO) (ACiG{)ACiGo)_l (Ac,GhALY)

Ci=1 Ci=1

i1 Wi
We can follow the proof on pages 449-450 of MPP and deduce that
erll,nT ((C) = 0p (1)

as n, T — oo with 7 — 0, which proves the desired result. B

6.3 Proof of Theorem 7

The required result for Theorem 7 is a consequence of the following two lemmas.
|

Lemma 14 Assume Condition 1. Then, as n,T — oo with 7 — 0, we have

erZ,nT ((C)

1 - C;

= A2
=1 ?

1 n
7/2

<
S

p r\ v\ 2

T;Ayit%tq— (\/T) + (\/T) + 0

%Zf:Qyzzt—l 2(%) (Tf Zt 2 T Vit 1)
+1 (%) + wiwpor

2

2 i 1 T

N e Rl
2

iz Vi -3 (%) + wiwpar

w\

3\'—‘

+op (1)

Proof. The proof is similar to the proof of Lemma 11 of MPP and is omitted.
]

Lemma 15 Assume Condition 1. Then, as n,T — oo with % — 0, the follow-
ing hold:

_1 5 _QTA,, 7y'iT2 yi12 2| _ 1) :
(a) ni/a Zi:l th:1 YitYit—1 (\/T) Jr(ﬁ) + o3 —Op( ),

€ ‘n
Sl

(b) S (% 23:2 Vi1 — Wit ?:2 %) + %
IL1/2 i=1 w _ {2 (ym) ( Z ) 22 T t t—1
VT ) \TVT “t= o wyit—1) —wiZ Y, 5 (%) (%)
N( 9() ( 292) » 45 (cf)) ;

o
s[\;@‘l\J
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T 2
i - (T\I/T Zt:Q %yit—l) + ?)) (?/12) (Tf Zt 2 Tylt 1)
i YiT

_% (\/T) —i—wiwpg

[

Proof. The proofs of Parts (b) and (c) are similar to those of Lemma 12 (b)
and (c) and are skipped.
Part (a): First, notice from

Yy — Vi = (Pf -1) Y21+ 2pyie— 1w + ud for t > 2,

that

YiT 2 ] 2 1 & 1< 1 <&

i il 2 2 9
- = if]- = it— +2i7 it—1Uit + = Uy
<\/T> <\/T> (v )T;yt ! pTthzyt 1t th=2 t

Since Ay = (p; — 1) Yiz—1 + wit, we have

TZAyltytt 1_2 Zyzt 1+2T Zylt 1Uit-

t=2

Then,

n
1 C;
1/4 Z w2
n =1 1

2 d YiT g Yi1 2
- g Ayiyir—1 — | = +( ; ) +o}
Tt:2 s (\FZ) \fz

t 2

" T
- n11/4;::2 [_(pi Zy” 1+2 1_pz Zyzt 1Uit — <;§u12t_

Under the assumptions of the lemma,

41 ~ ci 21TQ '/t 1L 2 1 T2 n
n1/4ZE(Pi_1) szit—lzT ﬁzczﬂi mzyit—l =0,

=1 t=2 i=1 —2
L -G - 12 & 1
nl/4 w? (1=p;) T Zy”*“” T nl/2 i Tw? Zyzt Wit | = Op | ——
i=1 =2 i 4=2
and
I < (1 d 5 nlt/4
U5y — =0
nl/4 — "%2 (T ; it — 05 T1/2

leading to the required result for Part (a). ®
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7 Proof of Theorem 9

We provide a sketch of the proof. Notice that under Condition 8, the following
hold:

sup|o§?—w? , sup 5\?—)\? , sqp’&f—aﬂ = o0,(1)
n ; 9 n ZA2 ) 2 nZ ) 9
3 (@ - wd)?, ()\i—/\i) LY (6200 = 0,(1).
i=1 i=1 i=1

Define 7 = arg min;e(y,... n} (,Dlz and ¢* = argmin;c (... n} w? Then,

inf & —infw? > &F —w? > fsup@?fwﬂ =0, (1)
K2 K2 I3

and
irilfof}f - irilfw? <@k —wih < sgp ‘of)f —wi| =o0,(1).
Since inf; w? > 0 under Condition 1, we have
n}fwf = irilfwf +0,(1) >0
with probability approaching one. These imply that obf satisfies the properties

in Lemmas 8, 10, and 14 of MPP, while 5\3 and &f satisfy the properties in
Lemmas 8(a),(b), 10(a), and 14(a)-(d) of MPP. The desired results follow by
similar arguments to those used in Theorems 8, 10, and 15 of MPP. B
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Table 1. Size of tests robust to serial correlation (nominal size is 5%)

N=10 N =25 N =100
T=100 T=250 T=100 T=250 T=100 T=250

Incidental intercepts

white noise 2.8 2.9 4.2 4.2 53 4.9
2.8 2.8 4.1 4.0 4.5 4.5
AR(1) errors
-0.2 2.9 2.6 4.2 3.9 5.1 5.0
2.7 2.7 3.8 3.7 3.9 4.5
0.2 2.9 2.8 4.1 4.0 6.2 5.4
2.8 2.8 4.1 3.9 5.6 51
MA(1) errors
-0.2 4.2 4.0 7.5 7.2 14.9 15.7
2.9 2.7 3.7 3.8 4.0 4.5
0.2 3.5 3.8 6.4 6.6 13.6 11.5
2.7 3.0 3.9 4.4 4.9 4.6

Incidental trends

white noise 1.0 1.1 2.9 2.3 6.3 4.4
1.3 1.2 34 2.6 7.4 4.7
AR(1) errors
-0.2 0.9 1.0 2.2 2.2 4.1 4.0
1.1 1.1 2.4 2.3 3.9 4.0
0.2 1.0 1.0 3.5 2.7 8.8 5.1
1.5 1.2 4.7 3.1 11.6 5.7
MA(1) errors
-0.2 2.2 2.0 6.7 7.8 23.0 23.4
0.8 0.9 2.3 2.4 3.1 3.3
0.2 2.7 2.0 7.5 6.3 27.2 19.4
2.0 1.2 4.3 3.0 9.7 6.0

Top entry in each cell is with estimated long-run variance and second with known long-run variance



