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1 Introduction

In the past decade, much research has been conducted on panels in which both
the cross-sectional and time dimensions are large. Testing for a unit root in such
panels has been a major focus of this research. For example, Quah (1994), Levin
et al (2002), Im et al (2003), Maddala and Wu (1999), and Choi (2001) have
all proposed various tests. These studies derived the limit theory for the tests
under the null hypothesis of a common panel unit root and power properties
were investigated by simulation. On the other hand, Bowman (2002) studies
the exact power of panel unit root tests against fixed alternative hypotheses.
He characterizes the class of admissible tests for unit roots in panels and shows
that the averaging-up tests of Im, Pesaran, and Shin (2003) and the test based
on Fisher-type statistics in Maddala and Wu (1999) and Choi (2001) are not
admissible.

The asymptotic local power properties of some panel unit root tests have
become known recently. Breitung (2000) ! and Moon and Perron (2004) in-
dependently find that without incidental trends in the panel, their panel unit
root test, which is based on a t-ratio type statistic, has significant asymptotic
local power in a neighborhood of unity that shrinks to the null at the rate of
n~Y2T=" (where n and T denote the size of the cross-section and time di-
mensions, respectively). However, in the presence of incidental trends, Moon
and Perron (2004) show that their t-ratio type test statistic constructed from
ordinary least squares (OLS) detrended data has no power (beyond size) in
a n~"T~1 neighborhood of unity with x > 1/6. For a panel with incidental
trends, Ploberger and Phillips (2002) proposed an optimal invariant panel unit
root test that maximizes average local power. They show that the optimal in-
variant test has asymptotic local power in a neighborhood of unity that shrinks
at the rate n=1/47T~1, thereby dominating the t-ratio test of Moon and Perron
(2004) when there are incidental trends.

The present study makes three contributions. First, the local asymptotic
power envelope of the panel unit root testing problem is derived under Gaussian
assumptions for four scenarios: (i) with no fixed effects; (ii) with fixed effects
that are parameterized by heterogeneous intercept terms (deemed incidental in-
tercepts); (iii) with fixed effects that are parameterized by heterogeneous linear
deterministic trends (deemed incidental trends); and (iv) with incidental inter-
cepts but with a common trend. For cases (ii), (iii), and (iv) we restrict the class
of tests to be invariant with respect to the incidental intercepts and trends. We
show that in cases (i) and (ii), the power envelope is defined within n~1/27~1-
neighborhoods of unity and that it depends on the first two moments of the
local-to-unity parameters. On the other hand, in case (iii), the power envelope
is defined within n~'/4T~!- neighborhoods of unity and it depends on the first
four moments of the local-to-unity parameters. Finally, in case (iv), we demon-

IWe thank a referee for bringing this paper to our attention. Breitung (2000) derives his
results under a homogeneous local alternative and with cross-sectional independence, while
Moon and Perron (2004a) consider a more general model with heterogeneous local alternatives
and cross-sectional dependence arising from the presence of common factors.



strate that the power envelope is defined within n~'/27~!- neighborhoods of
unity and that it is identical to that of cases (i) and (ii) 2.

Second, we derive the asymptotic local power of some existing panel unit
root tests and compare these to the power envelope. For case (i), we investigate
the t-ratio statistics studied by Quah (1994), Levin et al (2002), and Moon and
Perron (2004). For case (ii), we discuss results from Moon and Perron (2005) on
a modified t-ratio statistic that is asymptotically equivalent to the test proposed
by Levin et al. For case (iii), we compare the optimal invariant test proposed
by Ploberger and Phillips (2002), the LM test proposed by Moon and Phillips
(2004), the unbiased test proposed by Breitung (2000), and a new ¢-test that is
asymptotically equivalent to the Levin et al. (2002) test. First, we show that
in all three cases the existing tests do not achieve maximal power. Next, when
the alternative hypothesis is homogeneous across individuals, it is shown that
some tests (the t-test in case (i) and the optimal invariant test of Ploberger and
Phillips (2002) in cases (ii) and (iii) ) do achieve the power envelope and are
uniformly most powerful.

Third, we propose a simple point optimal invariant panel unit root test for
each case. These tests are uniformly most powerful (UMP) when the alternative
hypothesis is homogeneous, in contrast to point optimal unit root tests for time
series (Elliot et al., 1996) where no UMP test exists.

The paper is organized as follows. Section 2 lays out the model, the hypothe-
ses to test, and the assumptions maintained throughout the paper. Section 3
studies the model where there are no fixed effects (or where the fixed effects are
known), develops the Gaussian power envelope, gives a point optimal test and
performs some power comparisons. Sections 4 and 5 perform similar analyses
for panel models with incidental intercepts and trends. Section 6 discusses var-
ious extensions and generalizations of our framework. Section 7 reports some
simulations comparing the finite sample properties of the main tests studied in
Sections 4 and 5. Section 8 concludes, and the Appendix contains the main tech-
nical derivations and proofs; the remaining proofs can be found in a companion

paper, Moon, Perron, and Phillips (2006b) .

2 Model

The observed panel z;; is assumed to be generated by the following component
model

zie = bigi+ v (1)
Yit = PiYit—1 +uitu 1= 177 t:0717

. / !/

where u;; is a mean zero error, g; = (1,t)", and b; = (bo;, b14) -
The focus of interest is the problem of testing for the presence of a common
unit root in the panel against local alternatives when both n and T' are large.

2This result can also be found in Breitung (1999), the working paper version of Breitung
(2000).



For a local alternative specification, we assume that
1oy 2
pi =1— — for some constant k > 0, (2)

where 6; is a sequence of iid random variables. ® The main goal of the paper is
to find efficient tests for the null hypothesis

Hp: 6, =0 as. (i.e.,p; = 1) for all 4, (3)
against the alternative
H; : 0, #0 (i.e., p; # 1) for some 7’s. (4)
A common special case of interest for the alternative hypothesis Hj is
Hy : 0; =0 > 0 for all 4, (5)

where the local-to-unity coefficients take on a common value 6 > 0 for all q.
In this case, the series are homogeneously locally stationary, that is p, = p =
1—%<1f0ralli.

In (1) the nonstationary panel z;; has two different types of trends. The
first component b}g; is a deterministic linear trend that is heterogeneous across
individuals 7. This component characterizes individual effects in the panel. The
second component y;; is a stochastic trend or near unit-root process with p;
close to unity.

The following sections look at four different cases. In the first case, there
are no fixed effects in the panel that have to be estimated, i.e. b; = (0,0)/
(or alternatively b; is known). The second case arises when the panel data z;
contain fixed effects that are parameterized by heterogeneous intercept terms
boi, which are incidental parameters to be estimated. The third case arises when
the panel contains fixed effects that are parameterized by heterogeneous linear
deterministic trends, bg; + b1;t where both sets of parameters by; and b1; need to
be estimated. A final case considers panels with heterogeneous intercepts and
a common trend of the form bg; + by t.

In each case, under the assumptions that the error terms wu; are iid nor-
mal with zero mean and known variance o7 and that the initial conditions are
yi.t—1 = 0 for all i, we construct point optimal test statistics. By deriving the
limits of the test statistics, we establish the asymptotic power envelopes of the
panel unit root testing problems. Then, we discuss the implementation of these
procedures using feasible point optimal test statistics. To develop these, we
relax some of the assumptions made in deriving the power envelopes.

We maintain the following assumptions in deriving the limits of the feasible
point optimal tests and some other tests available in the literature.

Assumption 1 For ¢ = 1,2... and over t = 0,1,..., uy ~ iid (0,0%) with
sup; B [u?t] < M and inf; U? > M > 0 for some finite constants M and M.

3Notice that under the local altenative, p; depends on n and 7. Thus, the sequences of
panel data z;; and y;; should be understood as triangular arrays.



Assumption 2 The initial observations y;o are iid with E |yi0|8 < M for some
constant M and are independent of u;z, t > 1 for all i.

Assumption 3 % + % + 7 —0.
Before proceeding, we introduce the following notation. Define
z = (21, ~-~-,Znt)/7 vr = (y1t, ---,ym)'7 ug = (U1e, ~---,Unt)/,
Z = (Zla'-"vZT), Y = (ylv""7yT); Y,]_ = (y07y1a"'7yT71>7 U= (’U,l,...,’U,T),

so the (i,t)*" elements of Z, Y, Y_1, and U are zis, yit, Yit—1, and u;, respectively.
Define the T— vectors Go = (1,....,1), G; = (1,2,....T), set G = (Go,G1) =
(g1,...,g97)", and define

Bo = (bot,s.usbon)’ s By = (b11y s b1n),
ﬂ (ﬂOaﬁ]) = (b17"'7bn)/ .

Let Z;,Y,;, Y _,;, and U; denote the transpose of the it" row of Z,Y, Y_;, and
U, respectively, and write the model in matrix form as

Z = BG' +Y,
Y = pY. 1 +U,

where p = diag (py, ..., p,) . Define ¥ = diag (0%, ...,02) .

n

3 No Fixed Effects

This section investigates the model in which b}g; is observable or equivalently
gt = 0. In this case, the model becomes

Z =Y,
Y = pY_1+U.

We consider local neighborhoods of unity that shrink at the rate of ﬁ and
one-sided alternatives, as indicated in the following assumptions.

Assumption 4 x=1/2 in (2).

Assumption 5 0; is a sequence of iid random wvariables whose support is a
subset of a bounded interval [0, My] for some My > 0.

Let pg = E (Hf ) . The assumption of a bounded support for #; is made for
convenience, and could be relaxed at the cost of stronger moment conditions.
It is also convenient to assume that the 6; are identically distributed, and this
assumption could be relaxed as long as cross sectional averages of the moments

LNt E (Hf) have limits such as fg .



According to Assumption 5, §; > 0 for all 4, so that p, < 1. In this case, the
null hypothesis of a unit root in (3) is equivalent to py; = 0 or Mg = 0 (i.c.
0; = 0 a.s. and the variance of 6, o3, is 0), and the alternative hypothesis in
(4) implies py; > 0. Hence, in this section we set the hypotheses in terms of
the first moment of 0; as follows:

Hp : Ho 1 = 07 (6)

and
Hy = pgq > 0. (7)

To test these hypotheses, Moon and Perron (2004) proposed ¢ - ratio tests
based on a modified pooled OLS estimator of the autoregressive coefficient and
show that they have significant asymptotic local power in neighborhoods of
unity shrinking at the rate —L-. This section first derives the (asymptotic)
power envelope and shows that the power function of a feasible point optimal
test for H achieves the envelope for the hypotheses above. We then compare the
asymptotic local power of this point-optimal test with that of the Moon-Perron

test.

3.1 Power Envelope

The power envelope is found by computing the upper bound of power of all
point optimal tests for each local alternative. To proceed, we define

Cs

Pei = 1= nt/27’

where ¢; is an iid sequence of random variables on [0, M.] for some M. > 0.
Denote by p,. j the k" raw moment of ¢;, i.e., Pey =E (c]f) .
Define

1 0 0 0
7pci ]'
A, = 0o . . 0o 0|
(T+1)x(T+1))
: —Pe, 1 0
0 ... 0 —p, 1]

C =diag(c1,...,cn), and Ac = diag (A¢y, ..y A,
When u;; are iid N (07012) with a? known and the initial conditions y; 1
are all zeros, so that y;o0 = u;o for all ¢, the log-likelihood function is

Lnr (C) = f% (vec (Y) AL (271 ® Iry1) Ac (vee (YY)

Denote by L, (0) the log-likelihood function when ¢; = 0 for all i.

Define )
Vor (C) = =2Ln1 (C) + 2Ly7 (0) — oHe2:



The statistic V,,r (C) is the (Gaussian) likelihood ratio statistic of the null hy-
pothesis p; = 1 against an alternative hypothesis p; = p,, for i = 1,...,n. Ac-
cording to the Neyman-Pearson lemma, rejecting the null hypothesis for small
values of V,,1 (C) is the most powerful test of the null hypothesis Hy against
the alternative hypothesis p; = p... When the alternative hypothesis is given by
H, the test is a point optimal test (see, e.g., King (1988)). Let ¥,,r (C) be the
test that rejects Hy for small values of V,,1 (C).

Theorem 6 Assume that b; = 0 for all i or g¢ = 0 in (1). Suppose that
Assumptions 1 — 5 hold. Then,

VnT ((C) =N (7E (cl@l) ﬂ2:u’c,2) .

The asymptotic critical values of the test ¥, 7 (C) can be readily computed.
In a notation we will use throughout the paper, let z, denote the (1 — «)—
quantile of the standard normal distribution, i.e., P(Z < —Z,) = «, where
Z ~ N (0,1). Then, the size a asymptotic critical value ¥ (C, a) of the test
U1 (C) is ¢ (C,a) = —/2p4, 2%a, and its asymptotic local power is

E(cifi) _
o Bl ;) ®)
\ 2/~Lc,2
where @ (z) is the cumulative distribution function of Z.

Using (8), it is easy to find the power envelope, i.e., the values of ¢; for which
power is maximized. By the Cauchy-Schwarz inequality

E(cit;) _
P (C ) —Z S o /’69,2 —z |,
AV 2/1/072 2

and the upper bound of ® ( % — Za) is achieved with ¢; = ;. Then, by the

Neyman-Pearson lemma, ® (\ / % — za> traces out a power envelope and we

have the following theorem.

Theorem 7 Assume that b; = 0 for alli or g: = 0 for allt in (1). Suppose that
Assumptions 1 — 5 hold. Then, the power envelope for testing Hy in (3) against

Hy in (4) is <Q/ Foz _ Ea) , where pg o = E(07) and Z, is the (1 — a)—

quantile of the standard normal distribution.

3.2 Implementation of the test

In order to implement a test that achieves the power envelope, estimates of the
variances, 012, are necessary. The estimator we propose computes the variances
under the null hypothesis. To simplify notation, let the first difference matrix



Ag be simply denoted by A. Our estimator just takes the sample average of the
squared first differences for each cross-section:

T
1 1
A2 / _ 2 2
ILiT = (AZ;) AZ; = T (@/io + t:ZI (Ayit) ) .
Denote by 3 = diag (&ilT, e &inT) the estimated covariance matrix and by

Lt (C) and f/nT (0) the log-likelihood functions where the unknown ¥ has been
replaced by X.
The feasible point-optimal statistic is:

N A A 1
Var (C) = —=2Lyu7 (C) + 2Ly (0) — oHe2
n 1 T n 1 T
2 2
= > 5|t Aez)’| =D 5 |z + > (Azy)
i=1 91,4T =1 i1 91T Py

The following theorem establishes asymptotic equivalence between the feasible
and infeasible versions of the test:

Theorem 8 Assume that b; = 0 for all i or gr = 0 for all t in (1). Suppose
that Assumptions 1 — 5 hold. Then, V,r (C) = V,r (C) + 0, (1) .

3.3 Power Comparison
3.3.1 The t— ratio Test

We start by investigating the t— ratio test of Quah (1994), Levin et al (2002),
and Moon and Perron (2004), which is based on the pooled OLS estimator?.
For simplicity we assume that the error variances o2 are known. Let

7
n 1 T
Zi:l ) Zt:1 YitYit—1

ﬁ = T )
Z?:l % it yizt—l

be the pooled OLS estimator with corresponding ¢ statistic

p—1

1
n 1 NT .2
\/ To1 27 21 Vit
i

Under the conditions assumed above, we have t = N (— M\j’; , 1) (see Moon and
Perron (2004)). The power of the ¢ test with size « is then

® (’ig . za) . 9)

4When the error term wu;; is serially correlated, one can use a modified version of the pooled
OLS estimator. Details of this modification can be found in Moon and Perron (2004a). A
more detailed discussion of the case where the errors are serially correlated can be found in
section 6.4 below.

t=

1
oM

c,2°

)



Remarks

(a)

By the Cauchy-Schwarz inequality, it is straightforward to show that

@(lf};—za)<®<\//g7—za>. (10)

In view of (10), the ¢ ratio test achieves optimal power only when the
alternative is homogeneous as in Hy, that is when 6; = 6 a.s., so that

E(0;) = \/E (7). Otherwise, the power of the ¢ ratio test is strictly
sub-optimal. This implies that the t— ratio test is the uniformly most
powerful test for testing Hy against Hy but not against H;. The result is
not surprising since the ¢ ratio test is constructed based on the pooled OLS
estimator and pooling is efficient only under the homogeneous alternative.

Notice from (9) that the asymptotic local power of the t¢-test is deter-
mined by g, the mean of the local to unity parameters ;. In the given
formulation, the local alternative is restricted to be one sided in Assump-
tion 5. If we allow two-sided alternatives, this opens the possibility that
tg,1 = 0 even under the alternative hypothesis, in which case the power
of the pooled t— test is equivalent to size.

The pooled OLS estimator defined above can be interpreted as a GLS
estimator since it gives weights that are inversely related to the variance of
each observation. Moon and Perron (2004) do not make this adjustment
and use a conventional OLS estimator. However, Levin et al. (2002)
first correct for heteroskedasticity by dividing through by the estimated
standard deviation before using pooled OLS on this transformed data.
Their procedure can thus also be interpreted as a GLS estimator although
it is commonly called pooled OLS. To avoid confusion with the previous
literature, we will keep referring to estimators with weights that are the
reciprocal of the standard deviation as pooled OLS estimators.

3.3.2 A Common-Point Optimal Test with ¢; = ¢

As shown earlier, to achieve the power envelope, one needs to choose ¢; = 0; a.s.
for ¥,,7 (C) . Denote this test ¥, (O). Of course, the test ¥,,1 (©) is infeasible
because it is not possible to identify the distribution of #; in the panel and
generate a sequence from its distribution. Indeed, if the 6; were known, there
would be no need to test the null of a panel unit root.

One way of implementing the test ¥, 7 (C) is to use randomly generated ¢;’s
from some domain that is considered relevant. The variates ¢; are independent
of §; and the power of the test ¥, (C) is

(I) l’l’c,ll’l’@,l _ 2a . (11)
\ 2/~Lc,2



Since pu.; < \/fica, the power (11) is bounded by
Foa
P = —Za |, 12
( V2 ) 12

which is achieved when we choose ¢; = ¢, where c is any positive constant. We
denote this test U1 ().

Remarks

(a) Not surprisingly, the power (12) of the test W, (¢) is identical to that of
the ¢ - ratio test in the previous section. Of course, both tests are based
on the homogeneous alternative hypothesis.

(b) Note that the power of the test ¥,7 (¢) does not depend on c. The test
is optimal against the special homogeneous alternative hypothesis Hy for
any choice of c¢. This result is in contrast to the power of the point optimal
test for unit root time series in Elliot et al (1996), where power does
depend on the value of c. The reason is that the local alternative in the
panel unit root case, p., = 1 — —%=, is closer to the null hypothesis than
the alternative p., = 1 — 7 that applies in the case where there is only
time series data. In effect, when we are this close to the null hypothesis
with a homogeneous local alternative, it suffices to use any common local
alternative in setting up the panel point optimal test.

4 Fixed Effects I: Incidental Intercepts Case

We extend the analysis in the previous section by allowing for fixed effects,
i.e. big: = bo;, so that g = 1. In this case, the model has the matrix form
Z = p,Gy+Y.

4.1 Power Envelope

This section derives the power envelope of panel unit root tests for Hy that
are invariant to the transformation Z — Z + S;Gj, for arbitrary 85. When wu;,
are iid N (0, Uf) with o7 known and the initial conditions y; _1 are zeros, i.e.
Yio = U0, the log-likelihood function is

1 _
LnT (C,ﬁo) = —5 [UGC (Z/ - Goﬂé)]/A(/C (E ! ® IT+1) A(c [Uec (Z, — Goﬁé)] .
We denote by L, (0, 3,) the log-likelihood function when ¢; = 0 for all i.
A (Gaussian) point optimal invariant test statistic for this case can be con-

structed as follows (see, for example, Lehmann (1959), Dufour and King (1991),
and Elliott et al (1996)):

. . 1
Vietnr (C) = =2 |min L, 7 (C, By) — min L, (0, By) | — SHeo-
Bo Bo 2

10



For given ¢;’s, the point optimal invariant test, say W 1,7 (C), rejects the null
hypothesis for small values of Vie1 1 (C).

Theorem 9 Suppose Assumptions 1 — 5 hold and that by; = 0 or are known.
Then, as (n,T) — oo

(a) Viernr (C) = N (—E (cifi) ,2p.2) -
(b) The power envelope for invariant testing of Hy in (3) against Hy in (4)

is ( Boz 2a> , where jig o = E (012) and Z, is the (1 —a)— quantile
of the standard normal distribution.

Remarks

(a) As in the case of U7 (c), we define the test WU eq n7 (¢) with a common
constant point ¢; = c¢. Then, the power of the test ¥ o1 nr (c) is

® (’ig za> , (13)

which is the same as for the ¥, (¢) test in the previous section without
fixed effects.

(b) Note that the asymptotic power envelope is the same as in the case without
incidental intercepts, so estimation of intercepts does not affect maximal
achievable power. The result is analogous to the time series case in Elliott
et at (1996, p. 816).

(c) With incidental intercepts in the model, Levin et al. (2002) proposed
a panel unit root test based on the pooled OLS estimator. Let Z; =
Zit— % Z;le zigand Zip—1 = Zip—1— % Zil Zit—1. When the error variances
o? are known, the ¢ - statistic proposed by Levin et al. is asymptotically

equivalent to the following t - statistic

30 |~ 1 — -
th = 51 Z 0_12 Zzt 1 <ppool - 1) ’
i=1 t=1
where
-1 n 1 T 3
ppool [Z Zzzt 1] [ ?Zéitfléit +T
= l t=1 i=1 ¢ t=1

As shown by Moon and Perron (2005), the ¢t test also has significant
asymptotic local power within n~/27~! neighborhoods of unity, and its

power is given by
3 /5 _
o <2 aﬂe; - Za) ]

which is below that of the U . 7 (c) test.

11



4.2 Implementation of the test

As in the case without fixed effects, we need to estimate the unknown quantities
to make the point-optimal test feasible. In this case, the unknown quantities
are the intercepts, b;o, and variances, o7. The fixed effects will be estimated by
generalized least squares (GLS) under the null hypothesis, or

bo; (0) = (AGHAGY) ' AGLAZ;.

where AGy = (1,0....,0)", and the resulting estimate is simply the first obser-
vation, z;9. The variance estimator for each cross-section is then:

T
&g,iT = % [Azl — AGQZ)(),' (0)}/ {AZZ — AGoi)Oi (0)} = %Z (Azit)Q .
t=1

Define 35 = diag (&gle, s &;HT) as before, and let L, (C, 8,) and Ly7 (0, 8,)

be the log-likelihood function values with the unknown 3 replaced by 3. The
feasible statistic is then

. o o 1
erl,nT ((C) =-2 |:I’lg)ln LnT (Caﬂo) - I%IH LnT (O7ﬂ0):| - 5/“6,27

leading to an asymptotically equivalent test.

Theorem 10 Suppose that /Alssumptions 1 - 5 hold and that by; = 0 or are
known. Then, Vie1nr (C) = Vor (C) + 0, (1).

5 Fixed Effects II: Incidental Trends Case

This section considers the important practical case where heterogeneous linear
trends need to be estimated. Set g; = (1, t)/ and for this case, we consider local
neighborhoods of unity that shrink at the slower rate of ﬁ

Assumption 11 k= 1/4 in (2).

We relax Assumption 5 to allow for two-sided alternatives, so that the time
series behavior of y;; can be either stationary or explosive under the alternative
hypothesis.

Assumption 12 0; ~ iid with mean py and variance o3 with a support that is
a subset of a bounded interval [—Mg, Myg], where My, Mg > 0.

Under Assumption 12, we can re-express hypotheses (3) and (4) using the
second raw moment of 6; as follows:

Ho : pg o =0, (14)

12



and
Hy : pg o > 0. (15)

The usual one-sided version where the series has a unit root or is stationary is
the special case with My = 0. We proceed as above by first deriving the power
envelope, developing a feasible implementation of the resulting statistic, and
then investigating the asymptotic local power of different panel unit root tests.

5.1 Power Envelope

This section derives the Gaussian power envelope of panel unit root tests for Hy
that are invariant to the transformation Z — Z + 8*G’ for arbitrary 8*. When
ug¢ are iidd N (07012) with 012 known and the initial conditions ¥; —; are zeros,
that is, y;0 = uy0, the log-likelihood function is

Lur (€, 8) = — [vee (7~ GB)]' A (57 © I 1) Ac [oee (27~ GF)]

We denote by L, (0,3) the log-likelihood function when ¢; = 0 for all i. As
above, a (Gaussian) point optimal invariant test statistic can be constructed as

Vieanr (C) = =2 {mﬁln L, (C,B8) - mﬁin L,r (0, 6)}
+ (nll/Aléc?) + (rzll/?gcf> Wpor + (711 :1 C?> WpdT,
where
o = SR (F)-]
o = L e () - () 4

For given ¢;’s, the point optimal invariant test, say W ¢ea ,1 (C), rejects the null
hypothesis for small values of Vies 1 (C).
The asymptotic behavior of Viea nr (C) is given in the following result.

Theorem 13 Suppose that Assumptions 1 — 3, 11, and 12. Then, Vieo nr (C) =
N (=g (c705) , B (cf)) -

>From Theorem 13, the size o asymptotic critical value is

_ Mc,4,
wfe2 ((C?a) Y 45 Ras

and the asymptotic power of the test is given by

LB
i (MW - za> . (16)

13




By the Cauchy-Schwarz inequality, we have

1 E(207) 1 _
@(6\[\/7 za>§<1><6\/gm,za). (17)

Again, the maximal power, ® (% /o1 — Za> , is achieved by choosing ¢; = 6;.
According to the Neyman-Pearson lemma, ® (ﬁ /o1 — Za> traces out the

power envelope. Summarizing, we have the following theorem.

Theorem 14 Suppose that the trends big: in (1) are unknown and need to be
estimated and Assumptions 1 — 8, 11, and 12 hold. Then, the power envelope
for testing the null hypothesis Hy in (3) against the alternative hypothesis Hy in

(4) is @ (ﬁ\/m - ZQ) , where pg, = E (0?) and Z, is the (1 — a)— quantile
of the standard normal distribution.

Remarks

(a) An important finding of Theorem 14 is that in the panel unit root model
with incidental trends, the POI test has significant asymptotic local power
in local neighborhoods of unity that shrink at the rate 1/4T By contrast,
in the panel unit root model either without fixed effects or only with in-
cidental intercepts, the POI test has significant asymptotic power in local
neighborhoods of unity that shrink at the faster rate ﬁ This differ-
ence in the neighborhood radius of non-negligible power is a manifestation
of the difficulty in detecting unit roots in panels in the presence of het-
erogeneous trends, a problem that was originally discovered in Moon and
Phillips (1999) and called the ‘incidental trend’ problem.

(b) The power envelope of invariant tests of Hy in (3) against H; depends on
the fourth moment of the local to unity parameters #}s. This dependence
suggests that panels with more dispersed autoregressive coefficients will
tend to more easily reject the null hypothesis.

(¢) When the alternative hypothesis is the homogeneous alternative Hy (i.e.,
6; = 0), the power envelope is

o (e -n). (18)

and, in this case, the power envelope is attained by using ¢; = ¢ for any
choice of c.

(d) If the 6; are symmetrically distributed about p4 ; and ry4 is the 4t cumu-

1/2
lant, then |/fg 4 = uﬁ,l {1 + 609 + 3Jj+ﬁ4} and this will be close to

#1 0,1

M are both small. In such cases, it is

6 2
pg, when the ratios H;Te and
1 9 1

clear from (17) that the test with ¢; = ¢ for any choice of ¢ will be close
to the power envelope.
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5.2 Implementation of the test

Again, the covariance matrix ¥ is generally unknown and needs to be estimated.
To do so, we use the GLS estimator of b; under the null hypothesis,

b; (0) = (AG'AG) ' AG'AZ, = ( -0 )

OV =(BGAG) ACRL= 1T as
10

where AG = < 0 1

for cross-section ¢ as:

2
62 i = % (a2, - a6h,0)] [az, - ach, 0)] = Ti (Azlt = im,&

Denote 33 = diag (&g’lT, ey 05 nT) Let Ly,7 (C) and Ly,1 (0) be the log-likelihood
function with the unknown ¥ replaced with $5. The feasible statistic is then:

li
(1) > , and define the estimator of the error variance

Vieaur (C) = -2 |:Ingni/nT (C,pB) - mﬁiﬂfinT (075)}
1 n 1 n 2 1 n 4
+ ni/4 Z G|+ nl/2 Z Ci | Wpar + n Z Ci | WpaT-
=1 =1 =1

Again, we have an asymptotically equivalent test.

Theorem 15 Suppose that Assumptions 1 — & hold. Then, Vf@Q,nT (C) =
er2,nT (C) + Op (1) .

5.3 Power Comparison

We compare the power of five tests, and for simplicity assume that the error

variances o7 are known.

5.3.1 The Optimal Invariant Test of Ploberger and Phillips (2002)

We start with the optimal invariant panel unit root test proposed by Ploberger
and Phillips (2002). To construct the test statistic, we first estimate the trend
coefficients 8 by GLS 8 = (AZAG) (AG'AG)_1 , and detrend the panel data
Z giving E = Z — BG’. Define

1
Vymr = Vn ( 7ot (2—1/2EE’2—1/2) - wlT) : (19)
where wir = + Zt 1 % (1= %) . In summation notation, we have

n T
Vot = % Z Z - WlT‘| ) (20)

i=1



where )
_ t
T = N (zit — zi0) — T (zir — 2i0) |

a maximal invariant statistic. In view of (19) and (20), we may interpret V, ,p
as the standardized information of the GLS detrended panel data. The test
U, 7 proposed by Ploberger and Phillips (2002) rejects the null hypothesis Hy
for small values of V; 7.

To investigate the asymptotic power of ¥ 7, we first derive the asymptotic
distribution of Vg n1.

Lemma 1 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, Vy,r =
N (550,20 35) -

Using Lemma 1, it is straightforward to find the size a asymptotic critical
values ¢, (@) of the test W, 7. For Z,, the (1 — a)— quantile of Z, the critical

value is ¢, (a) = fﬁia, and the asymptotic local power is given by

Moo  _
d = — Za |, 21
(6\/5 “) 2!
showing that the test ¥, , has significant asymptotic power against the local
alternative Hj.

Remarks

(a) Notice that the asymptotic power of the test ¥y, is determined by the
second moment of 6;, p, 5, so that it relies on the variance of 0; as well as
the mean of 6;.

(b) According to Ploberger and Phillips (2002), the test ¥, ,r is an opti-
mal invariant test. Let Qg1 () be the joint probability measure of
the data for the given #.s and let v be the probability measure on the
space of 6;. Ploberger and Phillips (2002) show that the test U, 7 is as-
ymptotically the optimal invariant test that maximizes the average power
S (J Vg rdQonr (8)) dv, a quantity which also represents the power of
V¥, 7 against the Bayesian mixture f Qo.nr (0) dv.

(c) Comparing the power (21) of the test ¥, ,7 to the power envelope is
straightforward. By the Cauchy-Schwarz inequality we have

o(25-2)=o (1)

The test Wy, achieves the power envelope if the ; are constant a.s.
That is, the power envelope is achieved against the special alternative
hypothesis Hs.
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5.3.2 The LM Test in Moon and Phillips (2004)

The second test we investigate is the LM test proposed by Moon and Phillips
(2004), which is constructed in a fashion similar to Vj ,,v. The main difference
is that Moon and Phillips (2004) use ordinary least squares (OLS) to detrend
the data. To fix ideas, define Qg = Iy — Pg with Pg = G(G’G)_1 G'. Let
Dy =diag (1,T) . and

1
Vonr = V1 <nT2tr (271/2ZQGZ/271/2) — w2T> )

where
T T
1 t 1 mlnts
o = Ay Lo Lyryrmna, ),
t=1 t=1 s=1
1< B
hr (t,s) = ( > Tgpg;D;1> Dy'gs.
p=1
Define

1 T Lo
Zitr = —= |2t — 9 ( thé) <Z 92%) ;
VT =1 =1

a scaled version of the OLS detrended panel. Then, we can write

n T
onT f E E 1,fT war | »

which can also be interpreted as the standardized information of the detrended
panel data. The LM test, say ¥, 7, of Moon and Phillips (2004) is to reject
the null hypothesis Hy for small values of V, ,,r ().

The following theorem gives the limit distribution of V, 7 (¢) .

Lemma 2 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, V,,r =
N (=2 ptg . 51)
420/"0,2> 6300/ *
The size o asymptotic critical value of U, ,, 1, say ¢, (o), is given by ¢, (o) =
—1\/ m=cs 6300 Za, and the asymptotic power is ® (2“\9/1 — Za) .

Remarks

(a) Similar to the test ¥, 7, the test ¥, ,,r has significant asymptotic power
against the local alternative H;, and its power depends on the second
moment of 0;, fig 5.
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b) The asymptotic power of the optimal invariant test ¥, ,,+ dominates that
( ymp P P 9,

pytop _ matop iq i = i
of the test ¥, ,r because e < N This is not so surprising since

the optimal invariant test ¥, ,7 is based on GLS-detrended data, while
the test U, 1 is based on OLS-detrended data.

(c) As remarked earlier, the test erg nr(c) will achieve power close to the

6 3
power envelope when the ratios Mg*’ and M

0,1

are both small.

5.3.3 The unbiased test of Breitung (2000)

Breitung (2000) has proposed an alternative test to the Levin et al. (2002) test
that does not require bias adjustment. The idea is to transform the data as

Azit —

1
Yit T_¢ (Azipy1 + ... + Azir) |,

T

t—1
T

and note that vy}, and z}, are orthogonal to each other. The pooled estimator

proposed by Breitung is then

*
Ty = Zig—1 — Zi0 — (ZiT - ZiO) ,

Zz 121& 2 0, yztzzt

T—1 —2 42 '
Zzl t=2 0; Tjq

and is correctly centered and does not require bias adjustment in contrast to
the Levin et al. (20002) pooled OLS estimator. Breitung suggests testing the
panel unit root null hypothesis by looking at the corresponding t-statistic:

Zv 1Zt 9 0; yztxzt
—1 -2
\/Zz 1 t 2 g 5'3:3

Under a homogeneous local alternative, Breitung claims (theorem 5, p. 172)
that this statistic has power in a local neighborhood defined with x = 1/2, and
that the expectation in the asymptotic normal distribution under the alternative

is
OF (T! Ly
0\/6 [ hm ( Zmztyzt) ‘| )
0=0

pr=1+

UBnT -

=IO

In a separate paper (Moon, Perron, and Phillips (2006a)), we show analytically
that the limit above is 0, and therefore that Breitung s test does not have power
in a neighborhood that shrinks at the faster rate towards the null. Instead,

1/2T
we show that the necessary rate is the same slower — /4T rate that applies to the
other tests with incidental trends. Indeed, we show that under the assumptions
in this section, the U B statistic has the following distribution.

Lemma 3 Suppose Assumptions 1 — 8, 11, and 12 hold. Then, UB,r =

N (54
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Remark The above lemma shows that the asymptotic power of Breitung’s test

is (?’7’% — Za) , which is obviously below the power envelope.

5.3.4 A Common-Point Optimal Invariant Test

The test Vieanr (©) that achieves the power envelope is infeasible. If we use
randomly generated c}s that are independent of #; and the panel data z; in
constructing the test, according to (16), the power of the test Vieo nr (C) is

1 feabgo
Pl ——77= -2, |. 22
<6\/5 \//’Lc,4 > ( )
Since p. 5 < /T4, the power (22) is bounded by
<I>< ! z ) (23)
= —Za |
6\/5M9’2

which is achieved when we choose ¢; = ¢ for Vyea 1 (C) , where ¢ is any positive
constant. We denote this test Viea nr(c).

Remarks

(a) The power (23) of the test Vyea nr (¢) is identical to that of the Ploberger-
Phillips optimal invariant test Vg ,,r.

(b) The power of the test Ve nr (¢) also does not depend on c. It is optimal
against the special homogeneous alternative hypothesis Hy for any choice
of c.

5.3.5 A t-test

In a manner similar to Moon and Perron (2005), we can define statistics that
are asymptotically equivalent to the Levin et al. (2002) statistic based on the
pooled OLS estimator for this case. When there are incidental trends, the Levin
et al. statistic is asymptotically equivalent to the following ¢ - statistic

112 H—
= ,/193\/# (2122020,572) (bl = 1),

where the bias-corrected pooled OLS estimator is

M
5,

On the other hand, Moon and Perron (2004) consider the following t-ratio test
based on a different bias-corrected pooled estimator

t# = \/tr (z1722020,3172) (- 1),

~ ~ 71 - B
= (52025 [ (5225
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where
~ ~ —1 ~ ~
Pl = [tr (371220202712 {tr (z122.02'5712) + "ﬂ .
By definition,

_ = 5 _ nT?
s (r(zrzaznze) a2
ppool ppool ﬁ

r(s22.020,57172)

and

e, 112 f{m“‘ (z122020,3572) - &}
- - 1/2 '
19 nT2tT (271/2Z_1ZL1271/2)

Using Theorem 4 of Moon and Perron (2004) and Lemma 2, it is possible to
show the following.

; 1515 /112 #
Lemma 4 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, t+ = N (— Y="1/ 103 490 1)

6 Discussion

6.1 Case with Incidental Intercepts but a Common Trend

This section investigates the panel model for z;; in (1) where there are incidental
intercepts but a common trend, viz.,

Zig =  bog + b1t + Yy,
Yir = PiYit—1 + Ui, 1=1,..; t=0,1....

This model is relevant because there is a tradition of imposing such a com-
mon trend in empirical work in microeconometrics. In addition, the analysis
of asymptotic local power for this model provides further evidence that it is
the presence of incidental trends, by;t, rather than incidental intercepts bg; that
makes the detection of unit roots more challenging.

To proceed, we make the same assumptions as in Sections 2, 3, and 4, so
that

0;
Copl2Te
Let I,, = (1, ..., 1)/ , n— vector of ones. Using notation defined in Section 2, we
write the model as

Pi =

Z = BoGo+bil,G+Y,
Y = pY_1+U.
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In the following theorem we show that the power envelope of panel unit root
tests for H that are invariant to the transformation Z — Z + 85Gy + b3l, G}
for arbitrary 3 and bj is the same as the one we found in Sections 3 and 4.

When u;, are iid N (0,0?) with 67 known and the initial conditions y; 1
are zeros, that is, y;0 = u;0, the log-likelihood function is

LnT (C,Bo,bl) = 7% [vec (ZI — Goﬂé - Gll;bl)]/A(/c (271 & IT+1) A(C [’UBC (Z/

As before, a (Gaussian) point optimal invariant test statistic for this case can
be constructed as follows:
. . 1
erS,nT (C) = —2 |min LnT ((Ca 507 bl) — min LnT (07 503 bl) SHec.2-
0,91 507b1 2 ’
For given ¢;’s, the point optimal invariant test, say ¥ fc3 »7 (C), rejects the null
hypothesis for small values of Vies 7 (C).

Theorem 16 Suppose Assumptions 1 — 5 hold. Then,

Viesnt (C) = Viernr (C) + 0, (1)

6.2 Initial conditions

In the derivations above, we have assumed that all series in the panel were
initialized at the origin (y; —1 = 0). It is well-known in the time series case
that the initial condition can play an important role in the performance of unit
root tests (Evans and Savin (1984), Phillips (1987), Elliott (1999) and Miiller
and Elliott (2004)). A common assumption made in the time series context is
that the initial condition is drawn from the unconditional distribution under
the stationary alternative, i.e. yo ~ N (0, ﬁ . In the local to unity case,

p=1— %, this formulation of the initial condition gives yo = O, (\/T ) , which
has some appeal because the order of magnitude of the initial condition is the
same as that of the sample data y;.

This commonly used set up for the time series case does not extend natu-

rally to the panel model. Indeed, under the assumption y; 1 ~ N (0, #) ,
and with local alternatives p;, = 1 — nl‘j—gT or p, =1-— nﬁ—QT (depending on

whether trends are present or not), we have y; _1 = O, (nl/‘l\/T) or y; 1 =

O, (nl/ 8T ) , respectively, in which case y; —; diverges with n. The sample
data y;+ for this series is then dominated by the initial condition y; ;. There
is, of course, no reason in empirical panels why the order of magnitude of the
initial condition for an individual series should depend on the total number of
individuals (n) observed in the panel and such a formulation would be hard to
justify. In this sense, the situation is quite different from the time series case,
where there are good reasons for expecting initial observations for nonstation-
ary or nearly nonstationary time series to have stochastic orders comparable to
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those of the sample. Moreover, under the initialization y; _; ~ N (0, ﬁ , the

likelihood ratio statistic diverges to negative infinity under the local alternative,
as we show below.

To illustrate, consider the case with no fixed effect and with u;; ~ éid N (0,1)
across ¢ over t. Here we assume that p; = 1 — nl(iiizqw as in Sections 3 and 4.

Assume that if 6; # 0, y; _1 are iid N (O, #) and independent of uj;, and

if 0, =0, y;,—1 are iid N (0,1) and independent of u;;. Denote deviations from
the initial condition as

Yit = Yit — Yi—1
= Uit + PjUit—1 + pfuit_z + ...+ pfuio + (prr1 — 1) Yi,—1-

All quantities based on §;; will behave as in the case of a fixed initial condition.
Define the notation

1/2 /
DY, = ((1_:012) / yi,fluAOiyiOwwAOiyiT)
!
- o\ 1/2 0; 0;
= ((1 — i) yi 1, Ayio — iVl Ayt — n1/2TyiT—l> ;
Aoy, = (yi,—hAyim ~-~7AyiT)/-
Then, the likelihood ratio is
1 1
_7Ln 7Ln
o bnT,A + 5 tnT,0

n

= Z (A6,Y,) Ao, Y, — Z (A0Y;) Ao,
=1

=1

n T 9. 0. 2 T
- 2\, 2 L B I
= Z (1 - pi) Yio T+ Z (Ayzt nl/zTynﬂ i/2 yz,l) Yi—1 Z Ayit
=1 t=0 =0
N W T A PR
= Z o7 PP )Y 2n1/2T Zeiyi,—l Z (AZit) + 2nT2 Zﬂi Yi—1 Zyit—l
i=1 i=1 t=0 i=1 =0

1 i &l s 1 & T i
_2m ;92' ; Agit (Fit—1) + T ;922 ;yiil'

The last two terms behave as in the case of fixed initial conditions in the limit
since they are deviations from the initial condition. As for the other three terms,
we concentrate on the homogeneous case, §; = 6 for simplicity. We can show

that the first term is
"L /6 f
2 <nT - P?) Vi1 = 0y (7).

while the second term is

1 n
ni/2T Zeyi,fl (i — Yi,—1) = Oy (n1/4> )
i=1
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and the third term is

1 & L 1
2 _

Thus, the behavior of the likelihood ratio statistic is dominated by the first
term. This first term has a negative mean and thus the likelihood ratio statistic
diverges to negative infinity under the local alternative.

This example makes it clear that mechanical extensions of time series for-
mulations that are commonly used for initial conditions can lead to quite un-
realistic and unjustifiable features in a panel context. It is therefore necessary
to consider initializations that are sensible for panel models, while at the same
time having realistic time series properties. Given the more limited focus of
the present study, we will not pursue this discussion of initial conditions further
here but retain the (simplistic) assumption of zero initial conditions. Clearly, it
is an important matter for future research to extend the theory and relax this
condition.

6.3 Cross-sectional dependence

As with most of the early panel unit root tests that have been proposed in the
literature, the above analysis supposes that the observational units that make
up the panel are independent of each other. This assumption is not realistic in
many applications, such as the analysis of cross-country macroeconomic series,
where individual series are likely to be affected by common, worldwide shocks.
Accordingly, more recent panel tests such as those in Bai and Ng (2004) , Moon
and Perron (2004), Phillips and Sul (2003), Chang (2002), and Pesaran (2005)
allow for the presence of cross-sectional dependence among the units, typically
through the presence of dynamic factors.

In order to handle such cross-sectional dependence, we can combine the
defactoring method of Bai and Ng (2004) , Moon and Perron (2004) or Phillips
and Sul (2003) to the analysis of this paper. The idea is to apply the optimal
tests developed here to the data after the common factors have been extracted.
Once the extraction process has been completed, there is, of course, no claim of
optimality in the resulting tests, and we do not prove here that this approach
has any optimality property. However, intuition suggests that this approach
should perform well in practice, and simulation evidence provided in Moon and
Perron (2006) confirms this.

For illustration, we will use the model of Moon and Perron (2004). Thus,
the assumption is that the disturbance in (1) has a factor structure

Uiy = V;ft + €. (24)
The proposed procedure is as follows:

1. Estimate the deterministic components (b;) by GLS to obtain g;
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2. Use the pooled OLS estimate to compute residuals

3. Use principal components on the covariance matrix of these estimated
residuals to estimate the common factor(s), f+ and factor loadings, ;-
Post-multiply the data matrix Z by Q5 =1 —% ('Aylﬁ)fl 4 so that ZQ is
no longer affected by the common factors;

4. Use the common point optimal test proposed earlier in the paper on ZQ)5.

6.4 Serial correlation

Serial correlation can be accounted for in the construction of the test statis-
tics by replacing variances with long-run variances, w? = Z;’;_Oo 7ij» Where
Vij = E (u;+u;4—j) . Since serial correlation is not accommodated in the above
derivation of the power envelope, this procedure will not in general be optimal,
but should result in tests with correct asymptotic size under quite general short
memory autocorrelation (as in Elliott et al. (1996)). Standard kernel-based es-
timators of the long-run variance as in Andrews (1991) and Newey and West
(1994) can be used to estimate the long-run variances. The development of op-
timal procedures that accommodate serial correlation is of interest but beyond

the scope of the present contribution.

7 Simulations

This section reports the results of a small Monte Carlo experiment designed to
assess and compare the finite-sample properties of the tests presented earlier in
the paper. For this purpose, we use the following data generating process:

Zit = bos + bt + Y,
Yit =  PiYit—1 + Ui,
Yi—1 = 0, uy ~iid N (0,07)

o? ~ UJ0.5,1.5].

K2

We consider both the incidental intercepts case (by; = 0) of section 4 and the
incidental trends case (by; # 0) of section 5. In each case, the heterogeneous
intercepts and/or trends are iidN (0,1). We assume that the error term is in-
dependent in both the time and cross-sectional dimensions with a Gaussian
distribution and heteroskedastic variances. Initial conditions are set to zero
and, as discussed earlier, this is a limitation of the experiments and may lead to
more favorable results for many of the tests than under random initializations
where there is some dependence on the localization parameters.

We focus the study on three main questions. The first is the sensitivity
of the point-optimal invariant test to the choice of ¢;. The second is how far
the feasible and infeasible point-optimal tests are from the theoretical power
envelope in finite samples. Finally, we look at the impact of the distribution of
the local-to-unity parameters under the alternative hypothesis.
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We consider the following nine distributions for the local-to-unity para-
meters: §; = 0 Vi for size, and for local power, (1) 0, ~ dU [0,2], (2)
0; ~ iidU [0,4], (3) 0; ~ #dU[0,8], (4) 0; ~ didx? (1), (5) 0; ~ iidx?(2),
(6) 0; ~ iidx*(4), (7) 0; = 1 Vi, and 0; = 2 Vi. These distributions enable
us to examine performance of the tests as the mass of the distribution of the
localizing parameters moves away from the null hypothesis. We can also look
at the effect of homogeneous versus heterogeneous alternatives (cases (1) and
(4) versus (7), and cases (2) and (5) versus (8)) together with the role of the
higher-order moments of the distribution. For instance, case (1) has the same
mean as case (4) but smaller higher-order moments. The same situation arises
for cases (2) and (5), and cases (3) and (6). Note that the alternatives with x?2
distributions do not fit our asymptotic framework since they have unbounded
support.

We take three values for each of n (10, 25, and 100) and T (50, 100, and
250). All tests are conducted at the 5% significance level, and the number of
replications is set at 10,000.

Table 1 presents the results for the incidental intercepts case. The tests
we consider are the infeasible point-optimal test with ¢; = 6; (the finite-sample
analog of the power envelope which uses the local-to-unity parameters generated
in the simulation), our common point-optimal (CPO) invariant test for three
values of ¢ (1, 2, and 0.5), the t-ratio type test as in Moon and Perron (2005),
and the t — bar statistic of Im, Pesaran, and Shin for which no analytical power
result is available °. The first panel of the table provides the size and power
predicted by the asymptotic theory in section 4 using the moments of #; and
¢;. The other panels in the table report the size and size-adjusted power of the
tests for the various combinations of n and T'. Thus, if asymptotic theory were
a reliable guide to finite-sample behavior, subsequent panels in the table would
mirror the first panel.

The main outcomes from the first panel of the table can be summarized as
follows:

e The power envelope is higher for the x? alternatives than for the uniform
alternatives with the same mean. This is because the power envelope
depends on the second uncentered moment of 6;;

e The power of the feasible CPO test is the same for the uniform and y?2
alternatives since power in this case depends only on the mean of 6;;

e The test based on the ¢T statistic is less powerful than the CPO test;

e The power envelope is higher for the heterogeneous alternatives than the
homogeneous alternatives with the same mean.

5We have also considered tests with randomly generated values for the c}s. Since the results
were inferior to those with fixed choices of ¢, we do not report them here, but they are available
from the authors upon request.
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For the other panels of the table, the second column gives the expected
value of the autoregressive parameter implied by the distribution of the local-
to-untiy parameter and the values of n and T'. As can be seen, the alternatives
considered are very close to 1, and at a qualitative level, the results match
closely the asymptotic predictions. The main conclusions are:

e The size properties of the common point-optimal test appear to be mildly
sensitive to the choice of ¢. The size of the test tends to increase with c;

e In terms of power, the choice of ¢ is much less important, as predicted
by asymptotic theory. In fact, most of the variation is within 2 simula-
tion standard deviations, and much of the difference is probably due to
experimental randomness;

e In all cases, power is far below what is predicted by theory and below the
power envelope defined by ¢; = 6;. The differences are reduced as both n
and T are increased;

e In all cases, the t* test is less powerful than the CPO tests, but it does
dominate the t-bar statistic;

e In the homogeneous cases, there is less power difference between the CPO
tests and the optimal test. This is expected since the CPO test is most
powerful against these alternatives;

e Finally, despite the theoretical predictions that they should be equal, the
actual power for the x? alternatives is slightly below that for the corre-
sponding uniform alternatives.

Table 2 reports the same information as Table 1 for the incidental trends
case. In addition to the above tests, in this case we also consider the optimal
test of Ploberger and Phillips (2002) the LM test of Moon and Phillips (2004),
and the unbiased test of Breitung (2000). Once again, the first panel of the
table gives the predictions for size and power based on our asymptotic theory.

Just as in unit root testing with time series models, power is much lower
when trends are present or fitted. In fact, power is much lower than it may
first appear in the table since the actual local alternative approaches the null
hypothesis at the slower rate O (n‘l/ 4T_1) than in the incidental intercepts
case. Thus, for the same distribution of the local-to-unity parameters, the
alternative hypothesis is actually further from unity than in Table 1.

The main predictions contained in the first panel of the table for the inci-
dental trends case are as follows:

e In contrast to the incidental intercepts case, power of the CPO test is
higher for x? alternatives than for uniform alternatives since it depends
on higher-order moments in this case;

e The Moon and Phillips test, although dominated, is expected to perform
well;
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The t* test has lowest power as is expected;

Breitung’s unbiased test has power that lies between the common point-
optimal test and the Moon and Phillips test;

The power envelope is lower for homogeneous alternatives.

The simulation findings reported in the remaining panels of table 2 conform
well to these predictions. We have not reported the finite-sample analog of the
power envelope because of numerical problems encountered in the computation.
In a finite sample, the terms involving high powers of ¢; dominate for distant
alternatives, and this pushes the distribution of the statistic to the right, leading
to negligible rejection probabilities.

Our other findings for this case are:

The size properties of the point-optimal test are much more sensitive to
the choice of ¢ and values of n and T than for the incidental intercepts
case. It is therefore difficult to come up with a good choice of ¢ based
on these results, although values between 1 and 2 seem to provide a good
balance for all values of n and T

Both the Ploberger-Phillips and Moon-Phillips tests tend to underreject,
sometimes quite severely;

The t-type test tends to overreject, and its power is close to that of Moon
and Phillips;

As in the incidental intercepts case, the power properties of the CPO test
do not appear sensitive to the choice of ¢. There is a slight tendency for
¢ = 2 to achieve highest power;

The fatter-tailed distributions have higher power than the corresponding
uniform distributions for the two closest alternatives. For the alternatives
that are furthest away (cases (3) and (6)), the reverse is true;

The Ploberger-Phillips test behaves in a similar way to the CPO test, as
predicted by the asymptotics;

The LM test of Moon and Phillips has good power but appears to be
slightly dominated by the other two tests, as again predicted by our theory;

Power of the unbiased test of Breitung is generally between that of the
Ploberger-Phillips and Moon-Phillips test, again as predicted;

When the alternative hypothesis is homogeneous (cases (7) and (8)), the
tests based on a common value of ¢; have higher power than for the corre-
sponding heterogeneous alternative case. This phenomenon is more pro-
nounced for the x? alternative hypothesis.
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These results suggest that the asymptotic theory generally provides a useful
guide to the finite sample performance of the tests statistics in the vicinity of
the panel unit root null. However, the presence of more complex deterministic
components and increasing distance from the null hypothesis reduces the ac-
curacy of the analytic results from asymptotic theory. Overall, the simulation
findings strongly suggest that use of the CPO test (and the Ploberger-Phillips
test in the trends case) improves power over the commonly-used t-ratio type
statistics.

8 Conclusion

In terms of their asymptotic power functions, the Ploberger-Phillips (2002) test
and the common point optimal test have good discriminatory power against
a unit root null in shrinking neighborhoods of unity. When the alternative is
homogeneous it is possible to attain the Gaussian asymptotic power envelope
and both the Ploberger- Phillips test and the common point optimal test are
uniformly most powerful in this case. Interestingly, the common point optimal
test has this property irrespective of the point chosen to set up the test. This
is in contrast to point optimal tests of a unit root that are based solely on time
series data (Elliott et. al. 1996), where no test is uniformly most powerful, and
an arbitrary selection of a common point is needed in the construction of the
test.

An important empirical consequence of the present investigation is that in-
creasing the complexity of the fixed effects in a panel model inevitably reduces
the potential power of unit root tests. This reduction in power has a quanti-
tative manifestation in the radial order of the shrinking neighborhoods around
unity for which asymptotic power is non negligible. When there are no fixed
effects or constant fixed effects, tests have power in a neighborhood of unity of
order n='/2T—'. When incidental trends are fitted, the tests only have power
in a larger neighborhood of order n='/4T~!. A continuing reduction in power
is to be expected as higher order incidental trends are fitted in a panel model.
The situation is analogous to what happens in time series models where unit
root nonstationary data is fitted by a lagged variable and deterministic trends.
In such cases, both the lagged variable and the deterministic trends compete to
model the nonstationarity in the data with the upshot that the rate of conver-
gence is affected. In particular, Phillips (2001) showed that rate of convergence
to a unit root is slowed by the presence of increasing numbers of determinis-
tic regressors. In the panel model context, the present paper shows that dis-
criminatory power against a unit root is generally weakened as more complex
deterministic regressors are included in the panel model.
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9 Appendix: Technical Results and Proofs

Let z;; (0) and y;; (0), respectively, denote the panel observations z;; and y;;
that are generated by model (1) with p; = 1, that is, §; = 0. Also define Z (0),
Y (0), Y_; (0), respectively, in a similar fashion to Z, Y, and Y_;. For notational
simplicity, set u;o0 = y;o. Throughout the proofs, we will use the notation

T

~2 l 2

oiT = T Usgs
t=1

and

1 2
S
fo rdr |, redr

h(r,s)z(l,r)( 1 f91rd’" >1<1>:4—6r—68+12rs.

9.1 Preliminary Results

Lemma 5 Suppose that Assumption 1 is satisfied. Then, as n,T — oo with
# — 0, the following hold.

(a) Yiy (63 — o) =0, (1).
(b) SUPj<i<n |6-12T - U?| = Op (1).
(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 52, > M.
Proof: see Moon, Perron, and Phillips (2006b) .

Suppose that ¢; is a sequence of iid random variables, independent of wu;; for
all ¢ and ¢, with a bounded support.

Lemma 6 Suppose that Assumptions 1 — 8, 11, and 12 hold. Then, the follow-

ing hold as (n,T — oo) with % — 0.

(a) ﬁ Y [TZLO? Y1 { it —vio) — 7 (wir —io)}” — wlT} e (_ 0
(0) Jz Xier | 737 Timt Vi~ 1907 Lt Loa Vithisher (,5) —wor| = N { =
U 2ui=1 | T257 2ut=1Yit — T357 2ut=1 2us=1 YitYisNT (1, §) — War

Proof: see Moon, Perron, and Phillips (2006b) .
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9.2 Proofs and Derivations for Section 3

Proof of Theorem 6
Since Ay = fnlo/iizTyit_l + u;; under Assumption 4, we can write

t=1 =1 i t=1

Direct calculation shows that under the assumptions of the theorem, we have

0

ZZC;_QZ Yiier —p — Elabi),

i=1t=1 1
T
cl2 9 1
nTQE O_QE Yit—1 ‘};D 2:”“62’

=1 ' t=1

and
n

2 Z Zuztyzt 1= N (0 20, 2)

i/27
n Tllltl

thereby giving the required result. B

Lemma 7 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

2
(a) sup; & [(% Z;‘ll uityz'tq) ] <M.

(b) sup,; E [(le S yft_l)Q] < M.

(c) sup; B [yf] < M.

Proof. The lemma follows by direct calculation and we omit the proof.
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Lemma 8 Suppose that Assumptions 1 — 3, and 4 hold. Then, the following
hold.

n . 2
(a) Zz’:l (UiiT - 022) =0p(1).
(b) SUP1<i<n |6—iiT - 012| =0y (1).

(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 63 ;7 > M.

Proof: see Moon, Perron, and Phillips (20060) .
Proof of Theorem 8.

By definition,
N 2

Vor (C) = T2 Z Z Yie—1 + ni2T Z Z UitYit—1
n i=1 1 AT =1 1 AT =1

nTQZ ~2 Zyzt 1 2/1‘422

lth 1

First, by the Cauchy-Schwarz inequality,

T
1 Z 1 1\ cib; )
- 5 T 5 5 Yit—1
nim \orr ) T° I
1. (63 a2\’ v 1= 1 N\
14T — Y4 Vi 2
< (i(® (s
~2 2 2 it—1
N < 91,41 > nia ( o T°
o\ 1/2
~2 2 n T
sup; [010 — 07| M 12 1 ZyQ
N ; - = it—1
inf; JiiT inf; 02 \ n — 2 po ¢

= 0,(1)0p (1) =0, (1),
where the last line holds by Lemmas 7 and 8, the assumption that ¢; and 6;

have uniformly bounded supports, and inf; 0? > 0. Similarly, by Lemmas 7 and
8, the assumption that ¢; has a bounded support, and inf; 0% > 0, we have

n1/2 Z (Ul o ) To? Zu”y” !

01 4T Fr—
< K i )
- ~2 2 UitYit—1
i\ O nio T‘Tz P
1/2 1/2
~92 2 2 2

B (Zfl(fﬁm*%)) M 12": 12T:

: = =Y Uil
- inf; 67 ;7 inf; 0F \ n =\ T & itit—1

I
s}
hS]
—~
—_
~
S
—~
—_
~
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and
n

1
nTQZ ~2 Zyzt 1= nTg ;ngyft 1oy (1

0147 =1 = top=1

Combining these, we complete the proof that V,7 (C) = V,ur (C) + 0, (1). B

9.3 Proofs and Derivations for Section 4

Proof of Theorem 9.
For the theorem, it is enough to show that

Vietnr (C) = Var (C) + 0, (1).

Let bo; (¢;) = (Ae,GhAeGo) ™" (A, GhA., Z;) . Then Z, — Gobyi (¢;) = Y, —
Go (ISOZ (¢i) — b()i) , and we can rewrite Viei 1 (C) as

w)

erl,nT (C>
i 1 (ACL- - A, Gy (501‘ (¢i) — bm‘))/ (AciZi - A, Gy (502‘ (¢i) —

= — ) , )
et - (AXi — AGy (bm (ci) — bm)) (AXi — AGy (bOz‘ (ei) — bm))
_%MC,Q

- VILT (C) + erll,nT (C) )

where
1 (AY]AG) (AGHAGH) ™ (AGHAY ;)
Vienar (€)= 7 { (A Y180, Go) (A, GhAGo)  (AeGhALY ) ]

i—1 71
For the required result, it is enough to show that
Vier1,nr (C) = 0, (1)

asn,T — oo with Z — 0, which follows by Lemmas 7(c) and 9 and the assump-
tion that inf; 02 > 0, since

erll,nT ((C)
“1 1 1 2 ?
_ L ‘ G Lo G L ‘
= Z 52 |Yio 1+ a1 (yz() + 2T (yir — Yio) + o T2 Z%t—l)
i=1 v n T t=1

= I — Iy — I3 — 2I, — 215 — 2I5,



IR ? yir —vio \’ 1
_[27 2 = — = ]_
: ”T;ﬂ(HC?)( VT O\z) =)

1 c; YiT — Yio
L] = Yio ( )
AT (1rir) N VT

n

|
NS
S|
SN
VS
—_
+ |&
9]
=D
N—
=
o
S|
[NV
/N
- e}
+ S
o
2
N——
Y
<
ﬂﬂ
|
H‘S
)
N———
[V}

and, similarly,

1 - el YiT — Yi 1 <
I = i ( iT lO) ( yit1> =0 (1) ,
T 2 () VT ) \rvT 2 ’

1 c? 1 « _
16:7“/?;012 (1; c?>yio (Tﬁ;yitl> =0, (1),

nT

as required. W

Lemma 9 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) sup, E {(%—%/)2] <M.

2
(b) sup; E {(T\l/f Zthl yit71> ] < M.
Proof. The lemma follows by direct calculation, and its proof is omitted. H
Lemma 10 Suppose that Assumptions 1 — 83, and 4 hold. Then, the following
hold.

2
(a) SUPj<i<n (UQ,z'T - 012) =0, (1).

(b) With probability approaching one, there exists a constant M > 0 such that
infl &g,ZT 2 M.

Proof: see Moon, Perron, and Phillips (2006b) .
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Proof of Theorem 10
Using Lemmas 7(c), 9, and 10 and the assumptions that the supports of 6;

and ¢; are bounded and inf; 07 > 0, we can show using arguments similar to
those used in the proof of Theorem 8 that

Viett,nr (C)
2
Y T
: ; ! 1 1
B 1:21 ‘?? Yo @ (yz() T 1/2 T (Yir — yio) + gt ;yit1>
= erll,nT (C) —+ op ( )

The required result now follows. B

9.4 Proofs and Derivations for Section 5

Lemma 11 Under Assumptions 1 — 3, 11, and 12,

(35 (5)
5) (vr Sic i)

) +leP2T

1 T 2
N 1 - 77 i1 Yit—1 —
1227
n/ ilai _|_1 YiT

ﬂ

n T i
+12§ _(ﬁzﬁl TYit- 1) (yT)( 7T Limt it 1)
n & o? _1 (le

ﬁ) +0—1wp4T

1 o SliT SZzT ngT
+n1/4T ; 2 1/2T1/2 Z n5/4 Z

g3

i=1 5

with L3 | E[SE0] =0 (1), for k=1,2,3 when (n,T — 00) with % — 0.

Proof: see Moon, Perron, and Phillips (2006b) .
Lemma 12 Under Assumptions 1 — 8, 11, and 12, the following hold:

(4

)
(TzZt VWi —Oi T tl%)—’_%
~2(22) (72 S1 by —o?%ZfTZ <%> <%>}
N (=g (c707), 5B (cf)) :

: T
@ e S & |35 Avaaa - () +
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(C) 1 Z'n Li; - (T\I/T 23:1 %yit_1>2 + § <y1T> ( \/7 Zt 1 Tylt 1)
n =1
1 ( )

[

_ 1 (yr
9

+ O'i WpdT

op(1).
Proof: see Moon, Perron, and Phillips (2006b) .

Lemma 13 Let M be a finite constant. Under Assumptions 1 — 3, 11, and 12,
the following hold.

(a) sup; E [y4] < M.

i) <

(b) sup; E (

(c) sup; E (%z i 1ult>2] <M.
(
(

2
(d) sup; E %Z T 1) ] < M.

4
(e) sup; F T\th 1 Yit— 1) ] <M.

4
(f) sup; £ (ﬁ Y Tyit—l) ] <M.
Proof. The lemma follows by direct calculations and we omit the proof. B
Lemma 14 Suppose that Assumptions 1 — 8, and 11 hold. Then, the following
hold.
n ~2 2\2
(a) Z¢:1 (Ul,iT - Uz') =0, (1).
(b) SUP1<i<n ((}iiT - 012) =0, (1).
no /. 2
(¢) dimy (Ug,iT - 022) =0, (1).

(d) SUP1<i<n (&g,iT - U?) = 0p (1).

(e) With probability approaching one, there exists a constant M > 0 such that
inf; 63 ;7 > M.

Proof: see Moon, Perron, and Phillips (2006b) .
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Proof of Theorem 15

(a)

For the required result, it is enough to show that

Ly (- L)a]2ya (B2 4 (22 s 2] = o0
— 3 )% |7 itYit—1 — o; | =o )
nl/4 — 637” 022 i s YitYit—1 JT JT i p
n ~2 2
1 03,1 — i
= =0p (1),
“lﬂigég ( G5 i )
T B T
1 o 1 1 7% D Ui — 2 (%) <T+ﬁ D=1 %yit—l)
nl/2 Do\ 52 )G L (e N2 o =op(1),
i=1 \934T i +§(ﬁ0<+ﬁme
n . ? 2 (yir 1 rot,
! L 1) -1) T35 (VF) (777 Zi=1 ¥
- o~ 3¢ > =op(1),
nizi \ 93 i (

1 n
prDD

i=1

1 1
<A2 — 2) qujT = Op (1) .
03,7 i

Parts (c) — (g) hold by arguments similar to those used in the proof of Theorem 8,
that is, use the Cauchy-Schwarz inequality, Lemmas 13, 14 and the assumptions
that the supports of 6; and ¢; are uniformly bounded and inf; 0? > 0. For Part
(a), notice by definition that

1 & 1 1
L LR

1/4 ) 3 | G
nt/ = \ 037 i

()

2

Yio 2

+ + o;
(\/T)

1 & 1 &
2
(1-p;) f;yit—luit - (Tt:zluit — 0y

~2 2 T

03,1 — 0 Ciaizy‘ .
~92 2 1t—1 Wit
03,195 T =1

Using similar arguments to those in the proofs of Parts (c¢) — (g), we can show

that the first and the second terms are of O, (W

1

) and Oy (%) , respectively.

Also the third term is o, (1) since by the Cauchy-Schwarz inequality, Lemma
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14, and the assumption inf; 0? > 0, it follows that

n T
03,1 — 1 2 2
us, — o;
n1/4T1/2 Z ( 03 70? > (Tl/2 tz:;( it = 03)
o\ 1/2 2\ 1/2
< o LS (23 (- o)
T1/2 ; O-g) zTU? n ; ;
" 1/2 n T
n1/4 1 1 2 1
< — : (&g i —07) . T2 (uf;
T1/2 inf, O';iT inf; o7 (i_l ' n ; ;
nl/4
= WOP (1)op (1) Op (1) = 0, (1),

which yields Part (a).
For Part (b), notice that

n1/4 Z ( ) T onl/A Z

The second term is o, (1) by Lemma 14 and the assumption inf; 0?2 > 0, since

1 &, 1 1 02)’
m;(agT )<&§,iT_O—12>‘ = n1/4z

1 1 1
n'/4inf; 63 inf; o7

To complete the proof of Part (b), it is enough to show that the first term is

op (1) . Write the first term as

S )

OSlT

UBzT

‘73 zT

03 1TU

i=1

JSzT Z 52 _ 52 1
1/4 3,:T i ~2 -
o} n/ O34T

(i (57:25,1'7“ -0

n n
_ 1 Z U3,iT_Ul,iT Z
ni/4 . o2 n1/4
i=1 z

By definition and by Lemma 13, we have

2 2
1 Z O30 — 01,7\ 1
nl/4 p o? - nl/AT
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and

1 (63— o2 1 K11 &
3 3
nl/4 Z < o2 ) T L/ATi2 Z 2 \ 12 Z (us; = o7)
i=1 i i=1 i t=1

n1/4
OZD <T1/2> =0p (1) ’

2
the last line holding because £ [# S (ﬁ Zthl (u? — af))} =0(1).

i=1 o7
Combining these, we have

1 (65,0 —0F
N i _
nli/a Z ( o2 > =op (1),
i=1 i

as required. W

Proof of Lemma 1
The lemma holds by Lemma 6(a) with ¢; = 1. B

Proof of Lemma 2
The lemma holds by Lemma 6(b). H

9.5 Proofs and Derivations for Section 6
Proof of Theorem 16:

Denote Z& = (572 ® Iry1) Acvee (Z'), G o = (572 @ Iry1) Ac (I, ® Gy),
GT,(C = (271/2 (24 IT+1) A(C (In (%9 GQ) ln, YE = (271/2 X IT+1) A(C”UGC (Y/) y and
Mg c = Inr+1) — Goc (G(*)‘f(CG(*)‘)C)71 G{'c- Under the null, when C =0, we de-
note these quantities by Zg5, Gg,, G Yy, and Mg respectively. Then, by
definition

Z¢ = GocBo + Gieh +Yc.

Using this notation, we may express

er3,nT ((C)

He2

5

-2 golvilﬂLnT(C760;bl)*éniganT(07607bl) -

0,01

N =

_ */ * * */ * * */ * * -1 */ * *
- Y(C MO,(CYC - Y(C MO,(CGL(C( 1,(CMO,(CG1,(C) 1,(CMO,<CYC

* * * * * * * * * -1 * * * 1
-Yy /MI,OYO + Y, /M1,0G1,0 (GlfoMl,oGl,o) G1f0M1,oYo - 5#0,2-
In what follows we show that
* * * * * * -1 * * *
YCIMO,(CGL(C ( IZ(CMO,CGL(C) IZCMO,(CYC
* * * * * * -1 * * *
—Yy ’M1,0G1,0 ( 1{0M1,0G1.,0) 150M1,0Y0
= o0,(1). (25)
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Then, by definition, it follows that

1
- 7:“0,2 + Op (1)

er3,nT ((C) Y(E(/MS,CYE - YO*/MT,OYO* 2

. : 1

-2 ném L.7 (C,8y) — r%m L,7(0,5)| — Nc 2+ o0, (1)
0 0

= erl,nT (C) +0p (1) ’

as required for the theorem. W

Proof of (25)
By definition

—1 -1
AV * */ * * */ * * AV * */ * * */ * *
Y(C MO,CGl,(C ( 1,CMO,<CG1,C) 1,(CMO,(CY(C - YO Ml,OGl,O ( 1,0M1,OG1,O) 1,0M1,0Y0

2 2
1 */ * * 1 */ * *
(MnTYC MO,(CGL(C) - (~/nTYO MI,OGI,O)
1 */ * *
WGLCMO,CGLC

1 2 1 1
+ (Yo*/MfoGik 0) " e Iy
vnT T arGVeMicGr e arGYoMioGY
= I+11, say.

For term I, with probability approaching one,

GilcMi oG
nT ’
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Q' M* G 1 1 1 1 AciGll AciGO 2
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because
1 *1 vk s vk O\ 7L ks
WY«: Gy e (GoleGoc)  Gole
(yz‘o + S (le vo) 4 & n T2 Zt 1 Yit— 1) (1 + iz

_ Ly
VT i=1 i
Similarly, we have

EIA Ve *
YO Ml OGI 0

1
VnT e i=1

Then, since \FZL 152 i
O, (1), the numerator of term T is

2 2
* * * 1 * * *
C/MO,(CGI,LC) - (\/H—TYO/MLOGLO)

1 . i YiT — Yio + C; sz C;
VT VRVT
+ o0, (1

_{1”1 sz yzo}
n < o3
_ 2{1 n% sz_yzO }{ 12<Ci yiT+§
ni=10i i ViNT  nTT
1 &1 (ayr & 1 & ’
+ \/ﬁi=1‘7$(\/ﬁ%+”m;Tynl>} + 0, (1)
= op(1),

where the last line holds since

Z ( ci yLT 2 1 XT: t ) 0 ( 1
— = wYit-1 | = Op | =573
f n TVT = T nt/
Therefore, we have
I'=o0,(1).

Next, we show that 1T = o0, (1) . Since \/%YO*’MT,OG’LO

L (yiT_Z/iO) — Op (1) and ﬁ 22;1 % (yn;/»yw +

Ly, & (

op (1) = O, (1), the required result I = o, (1) follows if we show that

1 1
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which follows because with probability approaching one,
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Table 1. .Size and size-adjusted power of tests - Incidental
intercepts case
DGP: z;; = by; + Z?t
Z,? = (1 — %T) Z?tfl + o€t
b()i, €t ~ 11dIN (0, ].)
o; ~1idU [0.5,1.5]

Theoretical values

Ci = 91 C; = 1 C; = 2 C; = 0.5 t+ IPS
0; =0 (size) 5.0 5.0 5.0 5.0 5.0 5.0
0; ~U0,2] 20.4 174 17.4 17.4 12.0 -
]
]

0; ~U[0,4 495 40.9 409 409 240 -
0, ~U[0,8 94.7 88.2 882 882  59.2 -
0; ~x* (1) 33.7 174 174 174 120 -
0 ~x*(2) 63.9 409 409 409 240 -
0; ~ x* (4) 96.6 88.2 882 882 592 -
0; =1 17.4 174 174 174 120 -
0; =2 40.9 40.9 409 409 240 -
n=10,T = 50

E (p7) C; = 01 C; = 1 C; = 2 C; = 0.5 t+ IPS

) 1 - 2.8 5.2 1.9 7.1 5.4

0; ~U0,2] 19684 14.0 11.9 11.9 12.0 9.1 8.0
]
]

0; ~U[0,4] 9368  41.0 23.1 23.5 22.9 144 9.8
9; ~U[0,8 .8735 889 46.4 482 45.6 259 14.7
0; ~x*(1) 9684  15.9 11.2 11.2 11.2 91 74
0; ~x%(2) 9368  46.5 206 209 20.7 132 95
0; ~x>(4) .8735 87.8 43.9 45.5 43.1 24.6 15.1
0;=1 .9684 7.9 12.9 12.9 13.1 92 7.1
0; =2 9368 28.5 27.5 27.6 27.5 15.5 10.5
n=25T=50

E(p) ci=6; =1 ¢=2 ¢=05 1t 1IPS

0; = 0 (size) 1 - 38 5.5 3.2 84 64
0, ~U[0,2] 9817 201 135  13.7 134 102 7.9
0, ~U0,4 9635 470 272 278 26.9 168 10.7
0, ~U[0,8 9270 908 588  59.7 57.9 323 16.9
0; ~x*>(1) 9817 234 126 127 124 94 75
0; ~x>(2) 9635 551 246 252 243 151 9.9
0; ~x>(4) 9270 91.7 568  57.8 55.9  32.0 16.8

(
(

i=1 9817 12.2 15.4 15.2 15.3 109 7.8
2 .9635 34.2 32.6 32.6 32.4 18.9 11.3
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n =100, T = 50

E(p) ci=0; c=1 ¢=2 ¢=05 7 1IPS
6; = 0 (size) 1 - 4.4 5.3 4.1 129 83
9; ~ UJ0,2] .99 23.7 14.1 14.2 14.1 10.5 8.0
0; ~ U[0,4] 98 49.4 294 296 29.4 191 11.6
0; ~U0,8 .96 91.6 67.7 682 67.6  40.1 21.1
0; ~x* (1) .99 31.7 13.2 13.4 13.2 96 7.9
0; ~ x*(2) 98 60.0 27.8 281 27.8 17.8  12.0
0; ~ x> (4) .96 93.9 66.8 67.2 66.8 409 21.1
0; =1 .99 14.4 15.9 15.8 15.8 10.7 7.8
0; = .98 38.6 373 372 374 21.2 120
n =10, T = 100
E(p,) ci=0; c=1 ¢=2 ¢=05 tF IPS
6; = 0 (size) 1 - 2.6 5.1 1.7 6.7 5.1
0; ~U[0,2] .9968  13.8 13.5 13.8 13.4 91 7.6
0; ~U[0,4] 9937  39.3 23.2 23.9 23.2 13.7 9.3
0; ~UI[0,8] .9874  89.3 48.1 50.4 46.9 243 14.1
0;~x*(1) 9968  14.4 11.0 11.2 11.0 82 7.2
0; ~x2(2) 9937  44.3 21.1 21.6 20.7  11.8 8.6
0;~x*(4) 9874  88.0 477 49.7 46.7 241 149
0; =1 .9968 8.6 14.2 14.3 14.0 9.9 7.9
0; = 9937 284 277 28.0 27.1 16.0 10.4
n =25 T =100
E(pl) C; = 91 Cc; = 1 Cc; = 2 Cc; = 0.5 t+ IPS
0; = 0 (size) 1 - 4.0 5.6 3.4 6.7 5.4
0; ~U[0,2] .9982 195 13.7 13.6 13.6 9.9 7.7
0; ~U[0,4] .9963  45.8 28.5 28.5 28.3 16.6 11.3
0; ~U[0,8 9927  91.0 58.9 59.3 58.4  31.0 16.7
0; ~x2(1) 9982  21.9 12.8 12.9 12.7 92 7.7
0; ~x*(2) 9963 535 25.8 25.9 25.5 15.1  10.6
0;~x>(4) 9927 916 57.9 58.8 57.2  29.8 16.4
0;=1 9982 12.1 14.7 14.7 14.6 96 7.6
0; =2 9963 33.7 31.9 32.1 31.7 174 115
n =100, T = 100
E (p,b) C; = 91 C; = 1 C; = 2 C; = 0.5 t+ IPS
9; = 0 (size) 1 - 4.6 5.3 4.3 84 6.3
0; ~U[0,2]  .999 22.9 14.7 14.6 14.8 10.8 8.2
0; ~U[0,4]  .998 48.9 31.5 31.4 31.6 19.7 114
0; ~U[0,8  .996 92.8 71.4 71.7 71.5 421 208
0 ~x2(1)  .999 30.3 13.3 13.2 13.3 102 8.2
0;: ~x*(2) 998 59.9 28.7 288 28.8 186 11.9
0; ~x2(4) 996 94.1 68.6  68.6 68.5 404 20.8
0; =1 .999 14.5 15.5 15.8 15.4 102 7.6
0; =2 .998 37.8 36.4  36.7 36.4 19.3  12.0
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n =10, T = 250

E(pl) C; = 92 C; = 1 C; = 2 C; = 0.5 t+ IPS
0; = 0 (size) 1 - 3.2 5.5 2.1 6.2 4.3
0; ~U0,2] .9989 12.6 11.7 12.0 11.6 94 74
0; ~U[0,4] .9979 375 21.8 22.6 21.9 13.3 9.3
0; ~U[0,8] .9958  88.8 46.4 48.7 45.2 23.5 13.9
0; ~x*(1)  .9989 13.7 10.3 10.6 10.2 80 6.8
0;~x*(2) 9979  43.9 19.2 20.0 18.8 12.7 8.9
0; ~x>(4) 9958  87.4 44.3 46.7 43.3 23.7  14.3
0;=1 .9989 8.6 12.9 12.9 12.8 95 7.9
6; =2 9979 28.1 26.0 26.3 25.7 144 9.9

n =25 T = 250
E(pl) C; = 01 C; = 1 C; = 2 C; = 0.5 t+ IPS
0; = 0 (size) 1 - 3.8 5.2 3.2 6.1 438
0; ~U[0,2] .9994  18.7 13.9 14.1 13.9 9.8 7.9
0; ~U[0,4] .9988  45.1 28.1 28.4 28.0 16.0 10.2
0; ~U[0,8] .9976  91.1 60.0 60.9 59.6 309 16.7
0; ~x>(1) 9994 211 12.2 12.4 12.2 85 7.0
0;: ~x*(2) .9988 524 25.0 25.6 24.9 15.0 10.7
0; ~x*(4) 9976 915 58.3 59.1 57.9 306 17.1
0;=1 9994 12.0 14.8 14.6 14.9 10.6 8.2
0; = 9988  33.6 32.7 32.8 32.9 18.0 11.1

n =100, T = 250
E(p,) ci=0; ci=1 ¢=2 ¢=05 1t 1IPS
0; = 0 (size) 1 - 4.8 5.6 4.5 6.4 5.3
0; ~U[0,2] .9997  21.6 14.9 14.9 14.8 109 7.9
0; ~U[0,4] .9993  49.7 33.3 33.2 32.9 204 122
0; ~UI[0,8 .9987  92.3 73.3 73.4 73.1 41.9 207
0; ~x*(1) 9997 304 14.5 14.3 14.4 10.5 7.6
0;~x2(2) 9993  59.9 30.4 30.5 30.1 184 11.3
0; ~x*(4) 9987 944 71.3 71.3 71.0 40.9 20.6
6;=1 9997 15.2 15.7 15.8 15.7 124 8.7
0; =2 9993 36.8 34.9 35.2 34.9 21.6  12.0
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Table 2... Size and size-adjusted power of tests - Incidental
trends case
DGP: z;; = by; + byt + Z?t
) Zy_1 + oicit
boi, b1i, € ~ iidN (0,1)

0 _
2t =

Theoretical values

(1
ndT

i ~ #dU [0.5, 1.5]

ci=0; c¢i=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0; = 0 (size) 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0
0, ~U0,2] 6.5 6.1 6.1 6.1 6.1 5.8 5.8 - 6.0
0; ~ U [0,4] 13.3 10.6 10.6 10.6 10.6 9.0 8.6 - 10.0
0, ~U [0,8] 68.7 47.8 47.8 47.8 47.8 33.4 30.1 - 42.3
0; ~x*(1) 18.9 7.8 7.8 7.8 7.8 7.0 6.9 - 7.5
0; ~ X2 (2) 42.7 14.7 14.7 14.7 14.7 11.7 11.1 - 13.6
0; ~x2(4) 947 557 557 55.7 55.7 39.1 352 - 495
;=1 5.8 5.8 5.8 5.8 5.8 5.6 5.6 - 5.7
0; =2 8.9 8.9 8.9 8.9 8.9 7.8 7.6 - 8.5

n =10,T =50
E(p;) ¢i=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0; = 0 (size) 1 2.2 0.1 3.2 1.3 1.0 6.1 7.1 6.0
0; ~ U [0,2] .944 5.9 6.0 5.8 5.8 5.8 5.4 5.2 5.9
0, ~U [0,4] .888 8.3 8.4 8.3 8.3 8.1 7.3 6.2 8.3
0, ~U0,8] 775 18.3 18.4 18.2 18.1 15.3 13.3 10.6 16.0
0; ~x (1) .944 6.4 6.6 6.4 6.4 6.1 62 58 6.3
0: ~x2(2) 888 94 9.5 9.3 9.3 8.7 7770 81
0; ~ X2 (4) 775 18.1 18.3 18.0 18.1 15.5 13.5 10.8 15.2
0; =1 .944 5.7 5.6 5.7 5.7 6.0 5.8 5.9 5.9
0; = .888 8.3 8.2 8.2 8.2 7.8 7.4 6.9 7.4

n =25 T =250
E(p;)) ¢=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
6; = 0 (size) 1 5.6 1.8 6.7 2.5 1.3 7.8 9.0 5.0
0; ~ U [0,2] .957 5.3 5.3 5.3 5.3 4.8 4.5 4.8 5.6
0, ~U [0,4] 915 8.7 8.6 8.7 8.7 7.3 6.0 6.2 7.9
0, ~U [0,8] .829 22.6 22.6 22.5 22.5 17.7 14.2 11.7 18.8
0:~x>(1) 957 6.2 6.1 6.2 6.3 5.7 48 52 67
0: ~x2(2) 915 9.1 9.0 9.1 9.1 7.9 66 64 92
6; ~ X2 (4) .829 22.2 22.3 22.1 22.2 17.4 13.9 11.5 185
0, =1 .957 5.6 5.5 5.6 5.6 5.1 5.5 5.0 6.0
0; = 915 8.1 8.1 8.1 8.1 6.9 6.9 6.1 7.5
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n =100, T = 50

E(p;) ci=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0; =0 (size) 1 12.9 7.9 14.0 3.2 0.1 10.6 12.8 4.2
0, ~U [0,2] 968 5.4 5.4 5.4 5.4 6.0 6.1 5.3 5.1
0; ~ U [0,4] 937 9.2 9.4 9.3 9.3 8.9 8.7 7.0 7.9
0; ~U [0, 8] 874 29.0 29.3 29.0 29.0 23.6 204 13.5 21.7
0 ~x2(1) 968 7.0 7.2 7.0 7.0 7.2 72 58 56
6; ~ X2 (2) 937 10.5 10.6 10.5 10.5 10.1 10.0 8.0 8.8
0; ~ X2 (4) 874 27.9 28.3 27.9 27.9 22.6 204 139 214
0, =1 968 6.4 6.3 6.4 6.4 5.6 5.7 5.4 4.8
0, =2 937 8.4 8.4 8.4 8.4 7.0 6.8 6.4 7.4

n =10, T = 100
E(p;) ci=1 ¢i=2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0; = 0 (size) 1 1.2 0.1 1.8 1.3 1.5 5.5 5.7 6.2
0, ~U [0,2] 0.994 5.8 5.6 5.7 5.8 5.7 5.4 5.7 6.0
0; ~ U [0,4] 0.989 8.6 8.5 8.6 8.6 8.7 7.4 6.6 7.6
0; ~U [0, 8] 0.978 19.3 19.3 19.3 19.4 16.6 14.1 11.2 16.1
0:~x2(1) 0994 6.7 6.7 6.8 6.8 6.7 65 64 6.5
0: ~x2(2) 0989 9.6 9.6 9.6 9.6 8.4 81 74 85
0; ~ X2 (4) 0.978 18.2 18.1 18.1 18.2 15.7 13.6 11.2 16.0
0, =1 0.994 5.3 5.4 5.3 5.4 5.1 5.3 5.3 5.6
0, =2 0.989 6.9 6.8 6.9 6.9 6.5 6.4 6.9 7.0

n =25 T =100
E(p;)) =1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0, =0 (Size) 1 3.6 1.0 4.6 2.7 2.1 6.0 6.2 5.7
0; ~U[0,2] .996 5.7 5.7 5.7 5.7 5.7 5.6 5.6 5.8
0; ~ U [0,4] 1992 8.8 8.8 8.7 8.7 8.5 7.7 7.1 7.9
0, ~U [0,8] 983 22.7 22.7 22.7 22.6 18.4 16.4 129 184
0; ~ X2 (1) .996 6.8 6.8 6.7 6.7 6.7 6.7 6.4 6.0
0; ~x2(2) .992 9.5 9.4 9.4 9.3 8.3 84 7.6 8.1
0; ~ X2 (4) 983 21.2 21.2 21.1 21.1 17.5 15.7 12.6 18.0
0, =1 .996 5.9 6.0 5.8 5.8 5.9 5.5 5.7 5.4
0; = .992 7.4 7.5 7.3 7.3 7.2 6.8 6.2 7.8

n =100, T' = 100
E(p;) c¢i=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB
0; =0 (size) 1 7.1 3.5 7.9 3.4 1.6 8.0 8.6 4.7
0; ~ U [0,2] 997 6.2 6.3 6.2 6.2 5.9 6.0 5.2 5.6
0, ~U [0,4] .994 10.2 10.4 10.3 10.3 8.7 8.7 7.4 8.4
0; ~U[0,8] .988 28.8 29.1 28.8 28.8 21.6 19.6 13.7 23.2
0 ~x2(1) 997 7.1 7.1 7.1 7.1 6.3 64 61 6.5
0; ~ X2 (2) 994 10.7 10.8 10.7 10.7 9.3 9.0 7.4 9.6
0:~x>(4) 987 300 304  30.0 30.1 22.2 201 143 231
0; = 997 5.9 6.0 5.9 5.9 6.2 6.0 5.2 5.6
0, =2 994 9.2 9.3 9.2 9.3 8.0 7.2 6.2 7.7
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n =10, T = 250

E(p) c=1 c¢i=2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 1.2 0.0 2.0 1.8 2.5 6.0 5.2 6.2
0, ~U0,2] 998 5.1 5.1 5.0 5.0 5.1 5.2 5.4 6.1
0; ~ U 0,4] .996 7.8 7.8 7.9 7.9 6.6 6.2 6.0 7.5
0; ~ U0, 8] .993 18.1 18.4 18.2 18.2 14.4 126 9.8 16.6
6; ~x* (1) .998 6.3 6.4 6.3 6.3 6.0 5.8 5.8 6.3
0; ~ x*(2) .996 9.1 9.1 9.2 9.2 7.4 7.0 67 83
0; ~ X2 (4) 1993 17.2 17.2 17.2 17.2 13.9 12.1  10.2 159
0; =1 998 5.8 5.7 5.8 5.8 5.7 5.7 5.2 5.2

0; =2 .996 7.2 7.2 7.2 7.3 7.0 6.6 5.9 7.8

n =25, T =250

E(p;)) c¢=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢+ IPS TUB

0; = 0 (size) 1 2.6 0.6 3.2 2.8 2.7 5.4 5.2 5.8
0, ~U0,2] 1999 6.6 6.5 6.5 6.5 6.2 6.1 5.8 5.4
0; ~ U [0,4] 997 8.9 8.8 8.8 8.8 8.2 7.8 7.1 7.4
6, ~U0,8] .994 23.1 23.2 22.9 22.9 19.1 16.1 125 19.0
0; ~x*(1) 1999 6.6 6.5 6.5 6.5 6.3 6.0 5.9 6.2
0 ~x2(2) 997 9.4 9.5 9.3 9.3 9.0 85 7.3 86
0:~x2(4) 994 215 214 214 21.3 17.4 150 124 18.9
0; =1 .999 5.4 5.4 5.3 5.3 5.4 5.3 5.7 5.6

0; =2 997 7.4 7.3 74 7.4 6.8 6.5 6.5 7.4

n = 100, T' = 250

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢ IPS UB

0; = 0 (size) 1 4.7 2.2 5.4 3.9 3.3 6.6 6.2 5.2
0; ~U0,2] 1999 5.9 5.9 5.8 5.8 5.2 5.2 5.5 5.7
0; ~ U 0,4] .998 9.2 9.2 9.1 9.2 8.3 7.5 7.3 8.5
0, ~U0,8] .996 29.6 29.8 29.6 29.6 21.9 18.6 14.3 23.5
0:i~x2(1) 999 6.6 6.6 6.5 6.5 6.2 58 54 6.6
0; ~ x*(2) .998 10.4 10.5 10.4 10.4 9.2 8.3 7.7 9.5
0; ~x* (4) .996 27.4 27.5 27.4 27.4 20.8 17.8 145 24.1
0; =1 .999 6.0 5.9 5.9 5.9 5.8 5.9 5.5 5.4

0; =2 .998 9.1 9.0 9.1 9.0 8.1 8.3 7.2 7.7
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