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Lemma 5 Suppose that Assumption 1 is satisfied. Then, as n, T → ∞ with
n
T → 0, the following hold.

(a)
Pn
i=1

¡
σ̃2iT − σ2i

¢2
= op (1) .

(b) sup1≤i≤n
¯̄
σ̃2iT − σ2i

¯̄
= op (1) .

(c) With probability approaching one, there exists a constant M > 0 such that
infi σ̃

2
iT ≥M .

Proof
Let XiT =

1√
T

PT
t=1

¡
u2it − σ2i

¢
. Then, EX2

iT = V ar
¡
u2it
¢
≤ E

¡
u4it
¢
≤M.

Part (a): The required result follows by the Markov inequality and

E

"
nX
i=1

¡
σ̃2iT − σ2i

¢2#
=
n

T

1

n

nX
i=1

EX2
iT ≤M

n

T
→ 0. ¥

Part (b): The required result follows if we show that sup1≤i≤n
¡
σ̃2iT − σ2i

¢2
=

op (1) , which holds because sup1≤i≤n
¡
σ̃2iT − σ2i

¢2 ≤Pn
i=1

¡
σ̃2iT − σ2i

¢2
= op (1)

by Part (a). ¥
Part (c): The required result follows since

inf
1≤i≤n

σ̃2iT ≥ inf
1≤i≤n

σ2i − sup
1≤i≤n

¯̄
σ̃2iT − σ2i

¯̄
and by Part (b) and Assumption 1. ¥

Suppose that ci is a sequence of iid random variables with the same support
as θi and that ci is independent of uit for all i and t.

Lemma 6 Suppose that Assumptions 1—3, 6, and 7 hold. Then, the following
hold as (n, T →∞) with n

T → 0.

(a) 1√
n

Pn
i=1 c

2
i

h
1

T2σ2i

PT
t=1

©
(yit − yi0)− t

T (yiT − yi0)
ª2 − ω1T

i
⇒ N

µ
−E(c

2
i θ

2
i)

90 ,
E(c4i )
45

¶
(b) 1√

n

Pn
i=1

h
1

T2σ2i

PT
t=1 y

2
it − 1

T 3σ2i

PT
t=1

PT
s=1 yityishT (t, s)− ω2T

i
⇒ N

µ
−E(θ

2
i )

420 ,
11
6300

¶
.

Proof:
Part (a): For notational simplicity let Ȳit,T = (yit − yi0) − t

T (yiT − yi0) and
Ȳit,T (0) = (yit (0)− yi0 (0))− t

T (yiT (0)− yi0 (0)) . Using this notation, we de-
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compose

1√
n

nX
i=1

c2i

"
1

T 2σ2i

TX
t=1

½
(yit − yi0)−

t

T
(yiT − yi0)

¾2
− ω1T

#

=
1√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

Ȳ 2it,T (0)− ω1T

!
+

1√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

¡
Ȳit,T − Ȳit,T (0)

¢2!

+
2√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

Ȳit,T (0)
¡
Ȳit,T − Ȳit,T (0)

¢!
= Ia + IIa + IIIa, say.

By a direct calculation

E

"
c2i

Ã
1

T 2σ2i

TX
t=1

Ȳ 2it,T (0)− ω1T

!#
= O

µ
1

T

¶
.

Also, it is possible to show that

1

n

nX
i=1

V ar

"
c2i

Ã
1

T 2σ2i

TX
t=1

Ȳ 2it,T (0)− ω1T

!#
→ 1

45
E
¡
c4i
¢
,

and

sup
i,T
E

"
c2i

Ã
1

T 2σ2i

TX
t=1

Ȳ 2it,T (0)− ω1T

!#4
< M.

Then, since n
T → 0, by the double-indexed CLT in Phillips and Moon (1999a),

we have

Ia ⇒ N

µ
0,
1

45
E
¡
c4i
¢¶
. (1)

For term IIa, by definition we have

IIa

=
1√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

(yit − yit (0))2
!

− 2√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

µ
t

T

¶
(yit − yit (0)) (yiT − yiT (0))

!

+
1√
n

nX
i=1

c2i

Ã
1

T 2σ2i

TX
t=1

µ
t

T

¶2
(yiT − yiT (0))2

!
= IIa1 + IIa2 + IIa3, say.

By definition again

yit − yit (0) =
t−1X
p=0

¡
ρt−pi − 1

¢
uip =

t−1X
p=0

"
t−pX
l=1

(t−pl )

µ
−θi
nκT

¶l#
uip for t ≥ 1

= 0 for t = 0. (2)
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Recall that κ = 1
4 . By (2) and by the WLLN, we have

IIa1 ∼ 1√
n

nX
i=1

c2i θ
2
i

1

Tσ2i

TX
t=1

Ã
1√
T

t−1X
p=0

µ
t− p
T

¶
uip

!2

→ p E
¡
c2i θ

2
i

¢ Z 1

0

Z r

0

(r − s)2 dsdr = 1

12
E
¡
c2i θ

2
i

¢
,

IIa2 ∼ − 2√
n

nX
i=1

c2i θ
2
i

Ã
1

Tσ2i

TX
t=1

µ
t− 1
T

¶Ã
1√
T

t−1X
p=0

µ
t− p
T

¶
uip

!Ã
1√
T

T−1X
q=0

µ
T − q
T

¶
uiq

!!

→ p − 2E
¡
c2i θ

2
i

¢ Z 1

0

r

Z r

0

(r − s) (1− s) dsdr = −11
60
E
¡
c2i θ

2
i

¢
,

and

IIa3 ∼ 1√
n

nX
i=1

c2i θ
2
i

1

Tσ2i

TX
t=1

µ
t

T

¶2Ã
1√
T

T−1X
p=0

µ
T − p
T

¶
uip

!2

→ p E
¡
c2i θ

2
i

¢ Z 1

0

r2dr

Z 1

0

(1− r)2 dr = 1

9
E
¡
c2i θ

2
i

¢
.

Combining the limits of IIa1, IIa2, and IIa3, we have

IIa →p
1

90
E
¡
c2i θ

2
i

¢
. (3)

Next, for IIIa, write XiT =
1

T2σ2

PT
t=1 Ȳit,T (0)

¡
Ȳit,T − Ȳit,T (0)

¢
. Also de-

fine

X1iT =
1

Tσ2i

TX
t=1

⎡⎢⎢⎢⎢⎢⎢⎣

³
1√
T

Pt
p=0 uip

´³
1√
T

Pt−1
q=0

¡
t−q
T

¢
uiq

´
−
¡
t
T

¢ ³
1√
T

Pt
p=0 uip

´³
1√
T

PT−1
q=0

³
T−q
T

´
uiq

´
−
¡
t
T

¢ ³
1√
T

PT
p=0 uip

´³
1√
T

Pt−1
q=0

¡
t−q
T

¢
uiq

´
+
¡
t
T

¢2 ³ 1√
T

PT
p=0 uip

´³
1√
T

PT−1
q=0

³
T−q
T

´
uiq

´

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and

X2iT =
1

Tσ2i

TX
t=1

⎡⎢⎢⎢⎢⎢⎢⎣

³
1√
T

Pt
p=0 uip

´³
1√
T

Pt−2
q=0

¡
t−q
T

¢ ¡
t−q−1
T

¢
uiq

´
−
¡
t
T

¢ ³
1√
T

Pt
p=0 uip

´³
1√
T

PT−2
q=0

³
T−q
T

´³
T−q−1
T

´
uiq

´
−
¡
t
T

¢ ³
1√
T

PT
p=0 uip

´³
1√
T

Pt−2
q=0

¡
t−q
T

¢ ¡
t−q−1
T

¢
uiq

´
+
¡
t
T

¢2 ³ 1√
T

PT
p=0 uip

´³
1√
T

PT−2
q=0

³
T−q
T

´³
T−q−1
T

´
uiq

´

⎤⎥⎥⎥⎥⎥⎥⎦ .

Then, by (2) , we have

IIIa ∼ −
2

n3/4

nX
i=1

c2i θiX1iT +
1

n

nX
i=1

c2i θ
2
iX2iT = −2IIIa1 + IIIa2, say.
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A direct calculation shows that

EIIIa1

=
E
¡
c2i θi

¢
n3/4

nX
i=1

EX1iT

= E
¡
c2i θi

¢
n1/4

1

T

TX
t=1

⎡⎣ 1
T

Pt−1
p=0

t−p
T −

¡
t
T

¢
1
T

Pt−1
p=0

³
T−p
T

´
−
¡
t
T

¢
1
T

Pt−1
p=0

¡
t−p
T

¢
+
¡
t
T

¢2 1
T

PT−1
p=0

³
T−p
T

´ ⎤⎦
= E

¡
c2i θi

¢
n1/4

Z 1

0

µZ r

0

(r − s) ds− r
Z r

0

(1− s) ds− r
Z r

0

(r − s) ds+ r2
Z 1

0

(1− s) ds
¶
dr

+O

µ
n1/4

T

¶
= o (1) ,

since
R 1
0

³R r
0
(r − s) ds− r

R r
0
(1− s) ds− r

R r
0
(r − s) ds+ r2

R 1
0
(1− s) ds

´
dr =

0 and n
T → 0. Also,

E
¡
c4i θ

2
iX

2
1iT

¢

≤
2E
¡
c4i θ

2
i

¢
Tσ2i

TX
t=1

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

E
h³

1√
T

Pt
p=0 uip

´³
1√
T

Pt−1
q=0

¡
t−q
T

¢
uiq

´i2
+E

h¡
t
T

¢ ³
1√
T

Pt
p=0 uip

´³
1√
T

PT−1
q=0

³
T−q
T

´
uiq

´i2
+E

h¡
t
T

¢ ³
1√
T

PT
p=0 uip

´³
1√
T

Pt−1
q=0

¡
t−q
T

¢
uiq

´i2
+E

h¡
t
T

¢2 ³ 1√
T

PT
p=0 uip

´³
1√
T

PT−1
q=0

³
T−q
T

´
uiq

´i2

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
= M for some finite constant M.

Therefore,

E
¡
III2a1

¢
= V ar (IIIa1) + (E (IIIa1))

2

≤ 1

n
√
n

nX
i=1

E
¡
c2i θi

¢
E
¡
X2
i1T

¢
+ (EI3)

2

= O

µ
1

n1/2

¶
+O

µ
n1/2

T 2

¶
= o (1) ,

which yields
IIIa1 = op (1) .

Next, by the WLLN, we have

IIIa2 → p E
¡
c2i θ

2
i

¢ " R 1
0

R r
0
(r − s)2 dsdr −

R 1
0
r
R r
0
(1− s)2 dsdr

−
R 1
0
r
R r
0
(r − s)2 dsdr +

R 1
0
r2dr

³R 1
0
(1− s)2 ds

´ #

= − 1
45
E
¡
c2i θ

2
i

¢
.
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Combining the limits of IIIa1 and IIIa2, we have

IIIa →p −
1

45
E
¡
c2i θ

2
i

¢
. (4)

Using (1) , (3) , and (4) , we deduce the required result for Part (a). ¥
Part (b): Write

1√
n

nX
i=1

"
1

T 2σ2i

TX
t=1

y2it −
1

T 3σ2i

TX
t=1

TX
s=1

yityishT (t, s)− ω2T

#
= Ib + IIb, say.

Rewriting term Ib as

Ib =
1√
n

nX
i=1

(
1

T 2σ2i

TX
t=1

yit (0)
2 − 1

T 3σ2i

TX
t=1

TX
s=1

yit (0) yis (0)hT (t, s)− ω2T

)
,

and noticing that under the assumptions in the lemma,

E

Ã
1

T 2σ2i

TX
t=1

yit (0)
2 − 1

T 3σ2i

TX
t=1

TX
s=1

yit (0) yis (0)hT (t, s)

!
= ω2T ,

1

n

nX
i=1

V ar

"
1

T 2σ2i

TX
t=1

yit (0)
2 − 1

T 3σ2i

TX
t=1

TX
s=1

yit (0) yis (0)hT (t, s)− ω2T

#
→ 11

6300
,

and

sup
i,T
E

"
1

T 2σ2i

TX
t=1

yit (0)
2 − 1

T 3σ2i

TX
t=1

TX
s=1

yit (0) yis (0)hT (t, s)− ω2T

#4
< M,

we apply the double-indexed CLT in Phillips and Moon (1999a) and deduce
that

Ib ⇒ N

µ
0,

11

6300

¶
. (5)

For IIb, we further decompose the term IIb into the components

IIb = IIb1 + 2IIb2,

where

IIb1 =
1√
n

nX
i=1

1

T 2σ2i

TX
t=1

(yit − yit (0))2−
1√
n

nX
i=1

1

T 3σ2i

TX
t=1

TX
s=1

(yit − yit (0)) (yis − yis (0))hT (t, s)

and

IIb2 =
1√
n

nX
i=1

1

T 2σ2i

TX
t=1

(yit − yit (0)) yit (0)−
1√
n

nX
i=1

1

T 3σ2i

TX
t=1

TX
s=1

(yit − yit (0)) yis (0)hT (t, s) .

5



For IIb1, by (2) and by the WLLN, we have

1√
n

nX
i=1

1

T 2σ2i

TX
t=1

(yit − yit (0))2

=
1

n

nX
i=1

θ2i

⎡⎣ 1

T 2σ2i

TX
t=1

Ã
t−1X
p=0

µ
t− p
T

¶
uip

!2⎤⎦+Opµ 1

n1/4

¶

→ p E
¡
θ2i
¢ Z 1

0

Z r

0

(r − s)2 dsdr = 1

12
E
¡
θ2i
¢
,

and

1√
n

nX
i=1

1

T 3σ2i

TX
t=1

TX
s=1

(yit − yit (0)) (yis − yis (0))hT (t, s)

=
1

n

nX
i=1

θ2i
1

T 3σ2i

TX
t=1

TX
s=1

t−1X
p=0

s−1X
q=0

µ
t− p
T

¶µ
s− q
T

¶
hT (t, s)uipuiq

+Op

µ
1

n1/4

¶
→ p E

¡
θ2i
¢ Z 1

0

Z 1

0

Z r∧s

0

(r − p) (s− p)h (r, s) dpdsdr = 17

210
E
¡
θ2i
¢
.

Therefore,

IIb1 →p
1

420
E
¡
θ2i
¢
. (6)

Next, in view of (2) with κ = 1
4 , we have

IIb2 = −
2

n3/4

nX
i=1

θiX1iT +
1

n

nX
i=1

θ2iX2iT + op (1) ,

where

X1iT =
1

T 2σ2i

TX
t=1

t−1X
s=0

tX
q=0

µ
t− s
T

¶
uisuiq−

1

T 3σ2i

TX
t=1

TX
p=1

t−1X
s=0

pX
q=0

µ
t− s
T

¶
hT (t, p)uisuiq,

and

X2iT =
1

T 2σ2i

TX
t=1

t−1X
s=0

tX
q=0

µ
t− s
T

¶µ
t− s− 1

T

¶
uisuiq

− 1

T 3σ2i

TX
t=1

TX
p=1

t−1X
s=0

pX
q=0

µ
t− s
T

¶µ
t− s− 1

T

¶
hT (t, p)uisuiq.

A direct calculation shows that

EX1iT =

"
1

T 2

TX
t=1

t−1X
s=1

µ
t− s
T

¶
− 1

T 3

TX
t=1

TX
p=1

t∧p−1X
s=0

µ
t− s
T

¶
hT (t, p)

#
= O

µ
1

T

¶
,

6



because

EX1iT −
Z 1

0

Z r

0

(r − s) dsdr+σ2
Z 1

0

Z 1

0

Z r∧p

0

(r − s)h (r, p) dsdpdr = O
µ
1

T

¶
,

and Z 1

0

Z r

0

(r − s) dsdr −
Z 1

0

Z 1

0

Z r∧p

0

(r − s)h (r, p) dsdpdr = 0.

Also,

sup
i
EX2

1iT

≤ sup
i

2

T 4σ4i

TX
t=1

TX
x=1

t−1X
s=0

x−1X
y=0

tX
q=0

xX
z=0

µ
t− s
T

¶µ
x− y
T

¶
E [uisuiquiyuiz]

+ sup
i

2

T 6σ4i

TX
t=1

TX
p=1

TX
x=1

TX
y=1

t−1X
s=0

p−1X
q=0

xX
z=0

yX
w=0

µ
t− s
T

¶µ
x− z
T

¶
hT (t, p)hT (x, y)E [uisuiquizuiw]

= O (1) .

Therefore

− 1

n3/4

nX
i=1

θiX1iT = − 1

n3/4

nX
i=1

θi (X1iT −EX1iT ) +
1

n3/4

nX
i=1

θi (EX1iT )

= Op

µ
1

n1/4

¶
+O

µ
n1/4

T

¶
= op (1) .

Next, by the WLLN, we have

1

nσ2

nX
i=1

θ2iX2iT → p E
¡
θ2i
¢ ∙Z 1

0

Z r

0

(r − s)2 dsdr −
Z 1

0

Z 1

0

Z r∧p

0

(r − s)2 h (r, p) dsdpdr
¸

= −E
¡
θ2i
¢ 1

210
.

Therefore, we have

IIb2 →p −E
¡
θ2i
¢ 1

210
. (7)

Combining the limits of the terms Ib, IIb1, and IIb2 in (5) , (6) , and (7) , re-
spectively, we have the desired result for Part (b). ¥

Lemma 7 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) supiE

∙³
1
T

PT
t=1 uityit−1

´2¸
< M.

7



(b) supiE

∙³
1
T2

PT
t=1 y

2
it−1

´2¸
< M.

(c) supiE
£
y2i0
¤
< M.

Proof. The lemma follows by direct calculation and we omit the proof. ¥

Lemma 8 Suppose that Assumptions 1—3 and 4 hold. Then, the following hold.

(a)
Pn
i=1

¡
σ̂21,iT − σ2i

¢2
= op (1) .

(b) sup1≤i≤n
¯̄
σ̂21,iT − σ2i

¯̄
= op (1) .

(c) With probability approaching one, there exists a constant M > 0 such that
infi σ̂

2
1,iT ≥M .

Proof.
Part (a): The required result follows by Lemma 5(a) if

Pn
i=1

¡
σ̂21,iT − σ̃2iT

¢2
=

op (1) . Under Assumption 4, we have

σ̂21,iT − σ̃2iT =
y2i0
T
+

θ2i
nT

Ã
1

T 2

TX
t=1

y2it−1

!
− 2 θi

n1/2T

Ã
1

T

TX
t=1

uityit−1

!
.

Then, by Lemma 7 and since the support of θi is uniformly bounded, we have
for some constant M,

nX
i=1

E
¡
σ̂21,iT − σ̃2iT

¢2
≤ M

⎡⎣ 1
T 2

nX
i=1

E
¡
y4i0
¢
+

1

n2T 2

nX
i=1

E

Ã
1

T 2

TX
t=1

y2it−1

!2
+

1

nT 2

nX
i=1

Ã
1

T

TX
t=1

uityit−1

!2⎤⎦
= O

³ n
T 2

´
+O

µ
1

nT 2

¶
+O

µ
1

T 2

¶
= o (1) , (8)

as required. ¥
Parts (b) and (c): Since inf1≤i≤n σ̂

2
1,iT ≤ infi σ

2
i − sup1≤i≤n

¯̄
σ̂21,iT − σ2i

¯̄
,

under Assumption 1, the required results follow if we show that

sup
1≤i≤n

¯̄
σ̂21,iT − σ2i

¯̄
= op (1) ,

which follows by Lemma 5(b) if we show that

sup
1≤i≤n

¯̄
σ̂21,iT − σ̃2iT

¯̄
= op (1) .

8



This follows since for any ε > 0,

P

½
sup
1≤i≤n

¯̄
σ̂21,iT − σ̃2iT

¯̄
> ε

¾
≤

nX
i=1

P
©¯̄
σ̂21,iT − σ̃2iT

¯̄
> ε

ª
≤ 1

ε2

nX
i=1

E
h¡
σ̂21,iT − σ̃2iT

¢2i→ 0

by (8) ¥

Lemma 9 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) supiE

∙³
yiT−yi0√

T

´2¸
< M.

(b) supiE

∙³
1

T
√
T

PT
t=1 yit−1

´2¸
< M.

Proof. The lemma follows by direct calculation, and its proof is omitted. ¥

Lemma 10 Suppose that Assumptions 1 — 3, and 4 hold. Then, the following
hold.

(a) sup1≤i≤n
¡
σ̂22,iT − σ2i

¢
= op (1) .

(b) With probability approaching one, there exists a constant M > 0 such that
infi σ̂

2
2,iT ≥M .

Proof.
Part (a): The required result follows by Lemmas 5(b) and 8(b) and the triangle
inequality, if we show that sup1≤i≤n

¯̄
σ̂22,iT − σ̂21,iT

¯̄
= op (1) because σ̂21,iT =

1
T

PT
t=1 (∆yit)

2
. By definition, sup1≤i≤n

¯̄
σ̂22,iT − σ̂21,iT

¯̄
= sup1≤i≤n

y2i0
T . Then,

by the Markov’s inequality, for any ε > 0,

P

½
sup
1≤i≤n

y2i0
T
> ε

¾
≤

nX
i=1

P

½
y2i0
T
> ε

¾
≤ 1

εT

nX
i=1

Ey2i0 = O
³n
T

´
= o (1) . ¥

Part (b): Since inf1≤i≤n σ̂
2
2,iT ≤ infi σ2i −sup1≤i≤n

¯̄
σ̂22,iT − σ2i

¯̄
under Assump-

tion 1, the required result follows by Part (a). ¥

9



Lemma 11 Under Assumptions 1—3, 6, and 7,

Vfe2,nT (C)

=
1

n1/4

nX
i=1

ci
σ2i

"
2

T

TX
t=1

∆yityit−1 −
µ
yiT√
T

¶2
+

µ
yi0√
T

¶2
+ σ2i

#

+
1

n1/2

nX
i=1

c2i
σ2i

⎡⎣ 1
T2

PT
t=1 y

2
it−1 − 2

³
yiT√
T

´³
1

T
√
T

PT
t=1

t
T yit−1

´
+1
3

³
yiT√
T

´2
+ σ2iωp2T

⎤⎦
+
1

n

nX
i=1

c4i
σ2i

⎡⎢⎣ −
³

1
T
√
T

PT
t=1

t
T yit−1

´2
+ 2

3

³
yiT√
T

´³
1

T
√
T

PT
t=1

t
T yit−1

´
−19

³
yiT√
T

´2
+ σ2iωp4T

⎤⎥⎦
+

1

n1/4T

nX
i=1

S1iT
σ2i

+
1

n1/2T 1/2

nX
i=1

S2iT
σ2i

+
1

n5/4

nX
i=1

S3iT
σ2i

,

with 1
n

Pn
i=1E

£
S2kiT

¤
= O (1), for k = 1, 2, 3 when (n, T →∞) with n

T → 0.

Proof: By definition,

Vfe2,nT (C) = Vfe21,nT (C) + Vfe22,nT (C)

+

Ã
1

n1/4

nX
i=1

ci

!
+

Ã
1

n1/2

nX
i=1

c2i

!Ã
− 1
T

TX
t=2

t− 1
T

+ 2
1

T

TX
t=2

µ
t− 1
T

¶2
− 1
3

!

+

Ã
1

n

nX
i=1

c4i

!Ã
1

T 2

TX
t=2

TX
s=2

t− 1
T

s− 1
T

min

µ
t− 1
T

,
s− 1
T

¶
− 2
3

Ã
1

T

TX
t=2

µ
t− 1
T

¶2!
+
1

9

!
,

where

Vfe21,nT (C) =
nX
i=1

1

σ2i

£
(∆ciY i)

0 (∆ciY i)− (∆Y i)
0 (∆Y i)

¤
=

2

n1/4

nX
i=1

ci
σ2i

Ã
1

T

TX
t=1

∆yityit−1

!
+

1

n1/2T 2

TX
i=1

c2i
σ2i

TX
t=1

y2it−1

Vfe22,nT (C) =
nX
i=1

1

σ2i

∙
(∆Y i)

0∆G (∆G0∆G)−1∆G0 (∆Y i)

− (∆ciY i)
0
∆ciG (∆ciG

0∆ciG)
−1
∆ciG

0 (∆ciY i)

¸
.
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Let D = diag(
√
T , 1) and G̃ = GD. Then,

Vfe22,nT (C)

=
nX
i=1

1

σ2i

µ
1√
T
(∆Y i)

0∆G̃

¶µ
1

T
∆G̃0∆G̃

¶−1µ
1√
T
∆G̃0 (∆Y i)

¶

−
nX
i=1

1

σ2i

µ
1√
T
(∆ciY i)

0
∆ciG̃

¶µ
1

T
∆ciG̃

0∆ciG̃

¶−1µ
1√
T
∆ciG̃

0 (∆ciY i)

¶

=
nX
i=1

1

σ2i
tr

⎡⎢⎣
³
1
T∆G̃

0∆G̃
´−1

×
½³

1√
T
∆G̃0 (∆Y i)

´³
1√
T
(∆Y i)

0∆G̃
´0
−
³

1√
T
∆ciG̃

0 (∆ciY i)
´³

1√
T
(∆ciY i)

0∆ciG̃
´0¾

⎤⎥⎦
+

nX
i=1

1

σ2i
tr

"(µ
1

T
∆G̃0∆G̃

¶−1
−
µ
1

T
∆ciG̃

0∆ciG̃

¶−1)µ
1√
T
∆ciG̃

0 (∆ciY i)

¶µ
1√
T
(∆ciY i)

0
∆ciG̃

¶0#
= Vfe221,nT (C) + Vfe222,nT (C) , say.

Notice that

1

T
∆G̃0∆G̃ =

µ
1 0
0 1

¶
,

1

T
∆ciG̃

0∆ciG̃ =

⎛⎝ 1 +
c2i
n1/2

1
T

1√
T

³
ci
n1/4

+
c2i
n1/2

³
1
T

PT
t=1

t
T

´´
1√
T

³
ci
n1/4

+
c2i
n1/2

³
1
T

PT
t=1

t
T

´´
1
T

PT
t=1

¡
1 + ci

n1/4
t
T

¢2
⎞⎠ ,

1√
T
∆G̃0 (∆Y i) =

µ
yi0

1√
T
(yiT − yi0)

¶
,

1√
T
∆ciG̃

0 (∆ciY i) =

Ã
yi0 +

ci
n1/4

1
T (yiT − yi1) +

c2i
n1/2

1
T2

PT
t=1 yit−1

1√
T
(yiT − yi0) + ci

n1/4
1√
T
yiT +

c2i
n1/2

1
T
√
T

PT
t=1

t
T yit−1

!
.

Computation of Vfe221,nT (C) : A direct calculation shows that

Vfe221,nT (C)

=
1

n1/4

nX
i=1

ci
σ2i

Ã
2

µ
yi0√
T

¶2
− 2

µ
yiT√
T

¶2!

+
1

n1/2

nX
i=1

c2i
σ2i

Ã
−2
µ
yiT√
T

¶Ã
1

T
√
T

TX
t=1

t

T
yit−1

!
−
µ
yiT√
T

¶2
+
1

T
R2iT

!

+
1

n3/4

nX
i=1

c3i
σ2i

Ã
−2
µ
yiT√
T

¶Ã
1

T
√
T

TX
t=1

t

T
yit−1

!
+
1

T
R3iT

!

+
1

n

nX
i=1

c4i
σ2i

⎛⎝−Ã 1

T
√
T

TX
t=1

t

T
yit−1

!2
+
1

T
R4iT

⎞⎠ ,
where 1

n

Pn
i=1ER2kiT = O (1) for k = 2, 3, 4.
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Computation of Vfe222,nT (C) :
Direct calculation givesµ

1

T
∆G̃0∆G̃

¶−1
−
µ
1

T
∆ciG̃

0∆ciG̃

¶−1
=

⎛⎝ 0 1√
T

³
ci
n1/4
− 1

2
c2i
n1/2

+ 1
6

c3i
n3/4

´
1√
T

³
ci
n1/4
− 1

2
c2i
n1/2

+ 1
6

c3i
n3/4

´
ci
n1/4

³
2
³
1
T

PT
t=1

t
T

´´
− 2

3
c2i
n1/2

+ 1
3

c3i
n3/4
− 1

9
c4i
n

⎞⎠
+ξ1,i,nT + ξ2,i,nT ,

where ξ1,i,nT = O
¡

1
n1/2T

¢
and ξ2,i,nT = O

¡
1

n5/4

¢
uniformly across i because the

support of c0is is bounded. Then,

Vfe222,nT (C)

=
1

n1/4

nX
i=1

ci
σ2i

Ãµ
yiT√
T

¶2
−
µ
yi0√
T

¶2!
+

1

n1/4T

nX
i=1

R5iT
σ2i

+
1

n1/2

nX
i=1

c2i
σ2i

4

3

µ
yiT√
T

¶2
+

1

n1/2T 1/2

nX
i=1

R6iT

σ2i

+
1

n3/4

nX
i=1

c3i
σ2i
2

µ
yiT√
T

¶Ã
1

T
√
T

TX
t=1

t

T
yit−1

!
+

1

n3/4T 1/2

nX
i=1

R7iT
σ2i

+
1

n

nX
i=1

c4i
σ2i

Ã
2

3

µ
yiT√
T

¶Ã
1

T
√
T

TX
t=1

t

T
yit−1

!
− 1
9

µ
yiT√
T

¶2!
+

1

nT 1/2

nX
i=1

R8iT
σ2i

+
1

n5/4

nX
i=1

R9iT

σ2i
,

where 1
n

Pn
i=1ER2

kiT = O (1) for k = 5, ..., 9. Putting the terms in Vfe21,nT (C) ,
Vfe221,nT (C) , and Vfe222,nT (C) together with the restriction that n, T → ∞
with n

T → 0, we have the required result. ¥

Lemma 12 Under Assumptions 1 — 3, 6, and 7, the following hold:

(a) 1
n1/4

Pn
i=1

ci
σ2i

∙
2
T

PT
t=1∆yityit−1 −

³
yiT√
T

´2
+
³
yi0√
T

´2
+ σ2i

¸
= op (1) ;

(b) 1
n1/2

Pn
i=1

c2i
σ2i

⎡⎢⎣
³
1
T2

PT
t=1 y

2
it−1 − σ2i

1
T

PT
t=1

t−1
T

´
+ 1

3

½³
yiT√
T

´2
− σ2i

¾
−
n
2
³
yiT√
T

´³
1

T
√
T

PT
t=1

t
T yit−1

´
− σ2i

2
T

PT
t=1

¡
t
T

¢ ¡
t−1
T

¢o
⎤⎥⎦⇒

N
¡
− 1
90E

¡
c2i θ

2
i

¢
, 145E

¡
c4i
¢¢
;

(c) 1
n

Pn
i=1

c4i
σ2i

⎡⎢⎣ −
³

1
T
√
T

PT
t=1

t
T yit−1

´2
+ 2

3

³
yiT√
T

´³
1

T
√
T

PT
t=1

t
T yit−1

´
− 19

³
yiT√
T

´2
+ σ2iωp4T

⎤⎥⎦ =
op (1) .
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Proof:
Part (a): First, notice from

y2it − y2it−1 =
¡
ρ2i − 1

¢
y2it−1 + 2ρiyit−1uit + u

2
it for t ≥ 1,

thatµ
yiT√
T

¶2
−
µ
yi0√
T

¶2
=
¡
ρ2i − 1

¢ 1
T

TX
t=1

y2it−1 + 2ρi
1

T

TX
t=1

yit−1uit +
1

T

TX
t=1

u2it.

Since ∆yit = (ρi − 1) yit−1 + uit, we have

2
1

T

TX
t=1

∆yityit−1 = 2 (ρi − 1)
1

T

TX
t=1

y2it−1 +
1

T

TX
t=1

yit−1uit.

Then,

1

n1/4

nX
i=1

ci
σ2i

"
2

T

TX
t=1

∆yityit−1 −
µ
yiT√
T

¶2
+

µ
yi0√
T

¶2
+ σ2i

#

=
1

n1/4

nX
i=1

ci
σ2i

"
− (ρi − 1)

2 1

T

TX
t=1

y2it−1 + 2 (1− ρi)
1

T

TX
t=1

yit−1uit −
Ã
1

T

TX
t=1

u2it − σ2i

!#
.

Under the assumptions of the lemma,

1

n1/4

nX
i=1

ci
σ2i
(ρi − 1)

2 1

T

TX
t=1

y2it−1 =
n1/4

T

Ã
1

n

nX
i=1

ciθ
2
i

Ã
1

T 2σ2i

TX
t=1

y2it−1

!!
= Op

µ
n1/4

T

¶
,

1

n1/4

nX
i=1

ci
σ2i
(1− ρi)

1

T

TX
t=1

yit−1uit =
1

T

2

n1/2

nX
i=1

ci

Ã
1

Tσ2i

TX
t=1

yit−1uit

!
= Op

µ
1

T

¶
,

and
1

n1/4

nX
i=1

ci
σ2i

Ã
1

T

TX
t=1

u2it − σ2i

!
= Op

µ
n1/4

T 1/2

¶
,

leading to the required result for Part (a). ¥
Part (b): Under the assumptions of the lemma, it is possible to show that

1

n1/2

nX
i=1

c2i
σ2i

⎡⎢⎣
³
1
T 2

PT
t=1 y

2
it−1 − σ2i

1
T

PT
t=1

t−1
T

´
+ 1

3

½³
yiT√
T

´2
− σ2i

¾
−
n
2
³
yiT√
T

´³
1

T
√
T

PT
t=1

t−1
T yit−1

´
− σ2i

2
T

PT
t=1

¡
t−1
T

¢2o
⎤⎥⎦

=
1√
n

nX
i=1

c2i

"
1

T 2σ2i

TX
t=1

½
(yit − yi0)−

t

T
(yiT − yi0)

¾2
− ω1T

#
+ op (1)

⇒ N

µ
− 1
90
E
¡
c2i θ

2
i

¢
,
1

45
E
¡
c4i
¢¶
,
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where the last limit holds by Lemma 6(a). ¥
Part (c): Under the assumptions of the lemma, Part (c) follows by the WLLN.
¥

Lemma 13 Let M be a finite constant. Under Assumptions 1 — 3, 6, and 7,
the following hold.

(a) supiE
£
y4i0
¤
< M.

(b) supiE

∙³
yiT√
T

´4¸
< M.

(c) supiE

∙³
1
T

PT
t=1 yit−1uit

´2¸
< M.

(d) supiE

∙³
1
T2

PT
t=1 y

2
it−1

´2¸
< M.

(e) supiE

∙³
1

T
√
T

PT
t=1 yit−1

´4¸
< M.

(f) supiE

∙³
1

T
√
T

PT
t=1

t−1
T yit−1

´4¸
< M.

Proof. The lemma follows by direct calculations and we omit the proof. ¥

Lemma 14 Suppose that Assumptions 1 — 3, and 6 hold. Then, the following
hold.

(a)
Pn
i=1

¡
σ̂21,iT − σ2i

¢2
= op (1) .

(b) sup1≤i≤n
¡
σ̂21,iT − σ2i

¢
= op (1) .

(c)
Pn
i=1

¡
σ̂23,iT − σ2i

¢2
= op (1) .

(d) sup1≤i≤n
¡
σ̂23,iT − σ2i

¢
= op (1) .

(e) With probability approaching one, there exists a constant M > 0 such that
infi σ̂

2
3,iT ≥M .

Proof.
Part (a): The required result follows by Lemma 5(a) if

Pn
i=1

¡
σ̂21,iT − σ̃2iT

¢2
=

op (1) . Under Assumption 6, we have

σ̂21,iT − σ̃2iT =
y2i0
T
+

θ2i
n1/2T

Ã
1

T 2

TX
t=1

y2it−1

!
− 2 θi

n1/4T

Ã
1

T

TX
t=1

uityit−1

!
.
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Then, by Lemma 13 and since the support of θi is uniformly bounded, we have
for some constant M,

nX
i=1

E
¡
σ̂21,iT − σ̃2iT

¢2
≤ M

⎡⎣ 1
T 2

nX
i=1

E
¡
y4i0
¢
+

1

nT 2

nX
i=1

E

Ã
1

T 2

TX
t=1

y2it−1

!2
+

1

n1/2T 2

nX
i=1

Ã
1

T

TX
t=1

uityit−1

!2⎤⎦
= O

³ n
T 2

´
+O

µ
1

T 2

¶
+O

µ
n1/2

T 2

¶
= o (1) , (9)

as required. ¥
Part (b): By the triangle inequality and Lemma 5(b), the required result
follows if we show

sup
1≤i≤n

¯̄
σ̂21,iT − σ̃2iT

¯̄
= op (1) .

Since for any ε > 0,

P

½
sup
1≤i≤n

¯̄
σ̂21,iT − σ̃2iT

¯̄
> ε

¾
≤

nX
i=1

P
©¯̄
σ̂21,iT − σ̃2iT

¯̄
> ε

ª
≤ 1

ε2

nX
i=1

E
h¡
σ̂21,iT − σ̃2iT

¢2i→ 0

by (9) , we have the required result. ¥
Part (c): The required result follows by Part (a) and the inequality (a+ b)2 ≤
2a2 + 2b2, if we show that

nX
i=1

¡
σ̂23,iT − σ̂21,iT

¢2
= op (1) ,

for which it is enough by the Markov inequality to show that

nX
i=1

E
¡
σ̂23,iT − σ̂21,iT

¢2 → 0. (10)

Notice by definition that

σ̂23,iT = σ̂21,iT −
1

T
(∆Y i)

0∆G (∆G0∆G)
−1
∆G0 (∆Y i)

= σ̂21,iT −
1

T

Ã
y2i0 +

µ
yiT − yi0√

T

¶2!
.

Then the required result (10) follows by Lemma 13(a) and (b). ¥
Part (d): The required result follows by Part (b) and the triangle inequality,
if we show

sup
1≤i≤n

¯̄
σ̂23,iT − σ̂21,iT

¯̄
= op (1) ,

15



which follows since sup1≤i≤n
¯̄
σ̂23,iT − σ̂21,iT

¯̄2 ≤ Pn
i=1

¡
σ̂23,iT − σ̂21,iT

¢2
and by

(10). ¥
Part (e): Since inf1≤i≤n σ̂

2
3,iT ≤ infi σ2i −sup1≤i≤n

¯̄
σ̂23,iT − σ2i

¯̄
under Assump-

tion 1, the required result follows by Part (d). ¥
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