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Lemma 5 Suppose that Assumption 1 is satisfied. Then, as n,T — oo with
# — 0, the following hold.

. 2
(a) Xoiey (G5 —03)" =0, (1).
(b) SUP1<i<n ‘&fT - ‘712’ =0, (1).
(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 52, > M.

Proof
Let Xir = —= iy (u} —0}) . Then, EX? = Var (u}) < E (uf,) <M.

Part (a): The required result follows by the Markov inequality and
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Part (b): The required result follows if we show that sup, <<, (577 — 03)2 =
op (1), which holds because sup; <, (57 — 03)2 <>t (6h - 012)2 =0, (1)
by Part (a). B

Part (c): The required result follows since

inf 6% > inf o? — sup |63 —o?
1<i<n 1<i<n 1<i<n

and by Part (b) and Assumption 1. B

Suppose that ¢; is a sequence of 7id random variables with the same support
as 0; and that ¢; is independent of u;; for all 7 and ¢.

Lemma 6 Suppose that Assumptions 1-3, 6, and 7 hold. Then, the following
hold as (n, T — oo) with 7 — 0.

. 2
(a) ﬁ Y c {T+<f;" Yt { (it = io) = 7 (wir — i)} — wlT} =N (_
(b) ﬁ Z?:I {Tz;af 23:1 yzzt - T+¢rf Z?:l 23:1 Yieyish (t,5) — MQT} e (
Proof:

Part (a): For notational simplicity let Yier = (Wit — yio) — % (yiT — yio) and
Yier (0) = (yit (0) — io (0)) — % (ys (0) — yi0 (0)) . Using this notation, we de-




compose
1 — 9
Ly
Vi
1 n 1 T _ 1 n T )
= %2012 (TQUzzYI%’T(O)wlT>+%ZC$< U Z it, T — th(O)) >
=1 ? =1

t=1
2 <& 1 Z
2 - _ _
+% Zlci (TQUZ ZYit,T (0) (Y;t,T —Yar (0)))
= I+ 11+ 111, say.

By a direct calculation

{03

Also, it is possible to show that

1 1 & 1
—§ 1% 2 —§ Y32 (0) — —FE (¢
n & ar ¢ <T2022 2 i (0) WlT)] T (ci)

and

4
supE <T2 22 i ( —w1T>1 <M.

tot=1

% — 0, by the double-indexed CLT in Phillips and Moon (1999a),

Then, since

e I,= N ( 415E( 4)) : (1)

For term I1,, by definition we have

n ) 1 T ,
Zci <T202 Z (yit — i (0)) >
n T
7\?5 ZCZQ <T2102 Z (%) (it — yit (0)) (yir — vir (0))>

i=1 t=1
n T 2
1 L 1 t )
= i\ /2 =2 T ir — Yir (0
+\/ﬁ;cl (TQU? él (T) (ir — yir (0)) )

= IIal +IIa2+IIa3, say.
By definition again

t—1 t—1 [t—p o\
Yie — yit (0) = Z (pE—P — 1) Uip = [ (E—P) (n"v%> up for t > 1
p=0 p=0 Li=1
= Ofort=0. (2)



Recall that £ = +. By (2) and by the WLLN, we have
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(c367) / / r—s) dsdr— (6?0?),
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and

Combining the limits of I1,1,11,5, and I1,3, we have
1
o —p oo F (c767). (3)

Next, for I11,, write X;7 = —T2102 23;1 Yie.r (0) (}_ﬁ't’T —Yur (0)) . Also de-
fine

Tt S| - () (F o) (F X (F wa) |
+ (5 (Fr Srmown) (F Srm (57 wia)

and

Then, by (2), we have

a ~ 3/4 ZC 0; XlzT"‘ ZC 92X21T = —2IIIa1 +IIIa2, say.



A direct calculation shows that

EIll,

- A Y PN
i=1

) E@””W%i[(; b () s
= E(C?Qi)n1/4 1(/Or(r—s)ds—r/or(l—s)ds—r/or(r—s)d8+r2/01(l—s)ds>dr
nl/4
+0 (")

= o(1),

sincef01 (for (r—s)ds—rf(;’(l—s)ds—TfOr(r—s)ds—I—erOl(l—s)ds) dr =
0 and % — 0. Also,

E (C;lengIQiT)

4

< 922

(
t=1 +E [ %)

U
1 T 1 2
sz 0“117) ﬁ q:O (T) uiq)}
= M for some finite constant M.
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Therefore,

Var (I11,) + (E (I11,))?

% Z E (20,) E (XA7) + (EL)?

= o) o (2 ~ou,

I, =o0,(1).

B(1112)

IN

which yields

Next, by the WLLN, we have

2dsdr — [Fr [ (1— s)? dsd
I, — ) E(C?@?) fO fo sar — fo 7‘2fo 8 sar
fo fo deT+f0 dr (fo (1—13s) ds)

_ L
= 45E(ci9i).



Combining the limits of 11,1 and I11,5, we have
1 2,2
111, — —4—5E (czﬂi) . (4)

Using (1), (3), and (4) , we deduce the required result for Part (a). B
Part (b): Write

Y

= I+ 11, say.

v t=1s=1

T2 2 Zyzt 30,2 ZzyztyzshT t S _W2T‘|

Rewriting term I, as
n

T 1 T T
Z{ QZ Tgo,gzzy yzs hT(t S)WQT}

and noticing that under the assumptions in the lemma,

<T2 2 Z Yit ( T3102 Z Z Yit (0) yis (0) hr (t, 8)) = wor,

Z1‘/1 v ot=1 s=1

T T 1
ZZZ/ ) yis (0) hr (2, 5) ng] ~ 53007

T T 4
1 1
T2 T2 2 Zyzt - T352 Z Zy yzs hT (tv 8) - W2T‘| <M,
we apply the double-indexed CLT in Phillips and Moon (1999a) and deduce

that 1
Iy, = N (O, —) . (5)

6300

For I1,, we further decompose the term I, into the components

11, = 11y + 211,

where
1 n 1 T 1 n 1 T T
Iy = it T Yi 02__ B it Yt s T isO h tu
b1 = nZZITQJlg; Yit — Yit (0)) \/ﬁ;Tﬂaf;; Yit — Yit (0)) (Yis — ¥is (0) hr (¢, 5)
and
1 n 1 T 1 n 1 T T
IIb2 - n s T20'3 f:zl Yit — Yit (0 yzt n;T:gaf fzzlszzl yzt_yzt yis (0) hT (ta S).



For Iy, by (2) and by the WLLN, we have
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1 n 1 T T
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1 1 TAS
- E(Q?)/O /0 /0 (r —p) (s —p)h(r s)dpdsdr-%E(@z)

Therefore,

1 2
Next, in view of (2) with k = 1, we have
Il = 3/4ZHX11T+ ZH X21T+OP( )
i=1 i=1

t—s 1 & (-
( - )uwuw—ngzZZZZ< )hT (t,p) istisg

t=1 s=0 q=0 t t=1p=1s=0 q=0
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A direct calculation shows that

LR LSS (),

t=1 s=1

EXyr =




because

1 r 1 1 rAp 1
EXM-T—/ / (r — s) dsdr+o> / / / (r — ) h(r,p)dsdpdr = O (—) ,
o Jo 0o Jo Jo T
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1 T 1 1 rAp
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o Jo o Jo Jo

Also,
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= 0(1).
Therefore
1 n 1 n 1 n
ey Z 0:Xur = ey Z 0 (Xvir — EXvir) + 37 Z 0; (EX1ir)
=1 i=1 i=1

Next, by the WLLN, we have

1 n 1 r 1 1 TAD
- Hin — EOZ2 [// T—SQdeT—/// r—thr,pdepdr
rr X =y BE) || [ ) ] s )
1

Therefore, we have

1

Combining the limits of the terms Iy, Iy, and Iy in (5), (6), and (7), re-
spectively, we have the desired result for Part (b). W

Lemma 7 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

2
(a) sup, & {(% Zle uityit—l) ] <M.



(b) sup,; {(% 23:1 yft1)2] < M.
(C) sup; & [yfo] < M.

Proof. The lemma follows by direct calculation and we omit the proof. B

Lemma 8 Suppose that Assumptions 1-3 and 4 hold. Then, the following hold.

~2 2
(a) Z?:l (Ul,iT - ‘722) =0, (1).
~2
(b) SUP1<i<n |Ul,iT - 012| =op(1).
(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 63 ;0 > M.

Proof.
Part (a): The required result follows by Lemma 5(a) if ;' ; (&iiT — 6?T)2 =
0p (1). Under Assumption 4, we have

~2 N L A 0 1 o
AR e e ) E Yit—1 *Q—nl/QT T E UitYit—1 | -
t=1 t=1

Then, by Lemma 7 and since the support of 8; is uniformly bounded, we have
for some constant M,

n

Z E (&%,iT 512T)2

i=1

1 n . 1 T 1 n 1 T 2
M T2 ZE (yiO) 2T2 ZE <T_ Zyzt 1> T2 Z <T Zuityit—1>
=1 t=1 i=1 t=1

o(;2)+0< ;2>+0<;2>:0(1), (8)

as required. W
Parts (b) and (c): Since infi<;<, c}iz—T < inf; 07 — sup;<icp Eri,l;T - o?|,
under Assumption 1, the required results follow if we show that

IN

sup 63 7 — 07| = 0, (1),
1<i<n

which follows by Lemma 5(b) if we show that

sup |011T ?T}:Op(l)'
1<i<n



This follows since for any € > 0,

P{ sup \&iiT —5?T| > s} §T| > 5} < = Z [ ?T)Q} — 0

1<i<n

by (8) &

Lemma 9 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) sup; E [(%)Q] <M.

) s, | (7 Sl ) | < o

Proof. The lemma follows by direct calculation, and its proof is omitted. H

Lemma 10 Suppose that Assumptions 1 — 83, and 4 hold. Then, the following
hold.

(a) SUP1<i<n (&%,iT - 012) =0p(1).

(b) With probability approaching one, there exists a constant M > 0 such that
inf; 65 ;0 > M.

Proof.
Part (a): The required result follows by Lemmas 5(b) and 8(b) and the triangle
inequality, if we show that sup;;<, }&gﬂw - &iiT| = 0, (1) because &iiT =

T 2 . ~2 A2 ;
% > -1 (Ayir)” . By definition, SUPy <<y, |027iT — UUT| = SUDP1<i<y 1%0 Then,
by the Markov’s inequality, for any € > 0,

P{sup—>z—:} ZP{%O }ge%iEyfon(%):o(l).l

1<i<n

Part (b): Since infi<;<,, 65 ar <infyof —sup <, \02 7 — 02| under Assump-
tion 1, the required result follows by Part (a). W



Lemma 11 Under Assumptions 1-3, 6, and 7,

erQ,nT ((C)
S 2iAyy 1 (%—T>2+(y10>2+ 2
nl/4 — o | T — i T VT ¢
T i
n 1 i c? % 11 Y51 — 2 (1\1/2> (T\/— Zf
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+
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with 237" | E [SEr] =0 (1), for k=1,2,3 when (n,T — oo) with % — 0.

Proof: By definition,

er2,nT (C) - er21,nT ((C) + er22,nT ((C)

1 n 1 n 1
2
H(ase)+ (7224) (4

i=1 t=2 s=2
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Viearnr (€)= % [(AeY) (AoYs) — (AY) (AY)

=11

2 C; T cf T ,
B nl_/Z 1_§ ( ZAy”y” 1) 1/2T2 ;Ulz ;yzt 1
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of [~ (AeYs) Ao G (AL G'ALG) T AL G (ALYS)
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Let D = diag(v/T,1) and G = GD. Then,

Vieaznr (C)
_ i% <% (AL)’AG)( AG’AG>_1 (—AG’ (AY )>
_2% (% (AY,) A G) (%A G/ G) 1 (;TAC G (A YJ)
( AG’AG‘)A

= Y i T %/ /
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=1

= Vye221,n1 (C) + Viyeaoa nr (C) , say.
Notice that

1, -, = 1 0
Lasg = (19).
1 + 02 1 1 c + c? (l ZT i))
lA GIAL G = neT VT \ni/A T iz \T t:12 T
ci Ci c c: T ¢ T c ’
T (Gt (3XL4)  FXL (+5t)
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—AG (AY,) = ,
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Computation of Vie21 7 (C) : A direct calculation shows that

ergglnﬂ(c)

- () (%)
AL () (ki) (8) -5
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>4 —({ﬁfgwtgigﬁm),

i=1
where L 3" | ER? . = O(1) for k =2,3,4.
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Computation of Vie29 7 (C) :
Direct calculation gives

1o~ \*' 1. o~ =\
(?AG’AG> - (iAq G’ACiG>
0 A (e 1 1o
- JT \ni/3 2 ni/2 6 n3/4
- (el gy 1 a) e (o(LlyT 1)) 24 1 1g
VT \\nt/4 2 nl/2 6 n3/1 nl/4 T £st=1T 3 ni/2 3 p3/4 9n
+1inr €201

where & ; ,7 = O (ﬁ) and &y ; .7 = O ( 5/4) uniformly across ¢ because the
support of ¢}s is bounded. Then,

Vie222.n1 (C)

i=1
1 ~ 03 YiT 1 T t 1 ~ R7zT
+m;U—?2<ﬁ) ﬁt;?yitﬂ + 3/4T1/2; 02
I ~c (2 (yr 1 t 1 (yir\’ 1 = Rsir
SE () (rrsre) () ) et
1 Roir
+n5/4z o2
=1 i

where % S ER: =0 (1) for k =5,...,9. Putting the terms in Ve21,n7 (C),
Vie221,n1 (C), and Viezso 7 (C) together with the restriction that n, 7" — oo
with % — 0, we have the required result. W

Lemma 12 Under Assumptions 1 — 8, 6, and 7, the following hold:
L nooe 25T YiT ? Yio 2 2
(a) wim 2im o2 | T >im1 Dyityir—1 — (ﬁ) + (ﬁ) +o07| =0,(1);
T T 4
(% S i1 Vi1~ 0T T Y %) { ( ) }
=

2(22) (R S s - 22 X0 (1) (59
N (_9_1()E (sza') ) 415E( ))

T 2 ’
1 n 24_ - (T\l/f Zt:l %yit—l) +§ (1\//2) ( JT Zt 1 Tylt 1)
1 ! : 2

2
(b) iz 2ily 5
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Proof:
Part (a): First, notice from

Y — Yp1 = (P% - 1) Y21 2pYit—1ui + ufy for t > 1,

that

yir \° yio \ 1 — 1 o 1 o
T\ i0 — (2 _1) = 2 49, Ui+ = 2
<\/T> <\/T> (pl )T;ylt 1 pzT;yt 1Ujt T;ult

Since Ay = (p; — 1) Yit—1 + wir, we have

ZAyltyzt 1=2(p Zyzt 1T 7 Zyzf 1Uit-

Then,

1 n c 9 T " 2 vi 2
= |= Ayiryir—1 — < lT) + < 2 ) + 07
nl/4 ; o2 | T tz VT VT

- gl iR o wk e (5-)]
ia)) =0

Under the assumptions of the lemma,

1 e (p; — 1) 1 d 2 1 1
nl/4 Z o2 \Pi T ;yitf ” g T252
n T n T
1 C; 1 1 2 1
nl/4 2 (1—=pi) T Zyit—wz‘t =Toir ;ci ( Z Yit— luzt> =0, (:7) ,

=1 t=1

n T
1 ¢ (1 9 9 nl/4
a2 (130 -7 -0 ().
i=1 1 t=1
leading to the required result for Part (a). B
Part (b): Under the assumptions of the lemma, it is possible to show that
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where the last limit holds by Lemma 6(a). B
Part (c): Under the assumptions of the lemma, Part (c) follows by the WLLN.
|

Lemma 13 Let M be a finite constant. Under Assumptions 1 — 8, 6, and 7,
the following hold.

(a) sup; E [y;] < M.

i) <

(b) sup; £ (
(0 suwi B | (4 20w u)] <.
(@) s, | (S0 ) | < M,
() sup, E (

4
\/_Zt 1 Yit— 1) ] <M.

4
(f) sup, E (T—\/T thl ’Tynq) ] <M.

Proof. The lemma follows by direct calculations and we omit the proof. B

Lemma 14 Suppose that Assumptions 1 — 83, and 6 hold. Then, the following
hold.

(8) S0y (637 — 02) =0, (1).
(b) supycicr (637 — 07) = 0, (1).
(©) Yiy (6340 —02) =0, (1).
(d) supyicy (6340 — 07) = 0, (1).

(e) With probability approaching one, there exists a constant M > 0 such that
inf; 65,0 > M.

Proof.
Part (a): The required result follows by Lemma 5(a) if Y., (c}iz—T - &%T)Q =
0p (1). Under Assumption 6, we have

R S ) G 0, (1«
O1r — Oir = T + 2T \ 72 Z Yit-1 | — QW T Zuityit—l .
t=1 t=1

14



Then, by Lemma 13 and since the support of #; is uniformly bounded, we have
for some constant M,

n

N B (63 —5%)

i=1

2
1 & 1 & 1 & 1 A1 &
M ﬁ;E(yfo)"’m;E(ﬁ;yi1> +W;<T;uityitl>

0 (rs) 0<%>+0<%2> —0(1), )

as required. W
Part (b): By the triangle inequality and Lemma 5(b), the required result
follows if we show

2

IN

sup |a%,iT - 512T’ =0p (1).
1<i<n

Since for any € > 0,

n
P{ sup ‘ﬁﬂ-T—&fT’ >s} < ZP{
i=1

1<i<n

R - 1 & . .
0%7” - U$T| > &‘} < = ZE [(UiiT — U?T)Q} -0
i=1

by (9), we have the required result. W
Part (c): The required result follows by Part (a) and the inequality (a + b)* <
2a? + 2b?, if we show that

R R 2
(Ug,iT - U?,iT) = 0p (1),
1

n

7

for which it is enough by the Markov inequality to show that

Notice by definition that

B = S5 (AY) AC(ACAG) T AG (AY)

2
2 L2 (w)
1,:T T 30 \/T

Then the required result (10) follows by Lemma 13(a) and (b). W
Part (d): The required result follows by Part (b) and the triangle inequality,
if we show

I
Q»

sup |&§,iT - &%,iT‘ = 0p (1),
1<i<n

15



. : 2 A2 |2 no(x2 22 \2
which follows since sup;<;<,, |a3,iT — 61| < X (630 —614r) and by

(10). m
Part (e): Since infi<;<p &g’iT < inf; 07 —sup;<icp ‘5:2%,1‘T — o?| under Assump-
tion 1, the required result follows by Part (d). W
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